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1.1 Polymer melt and its rheology
Figure 1.1: Storage modulus G′(ω) of monodisperse linear polystyrene as a function of
the oscillation frequency [1]. The measurements are conducted for various molecular
weights which become larger from right to left.
Polymers are long chain-like molecules composed of a large number of monomers or
repeated units, which are connected by chemical bondings. The number of monomers in
a chain, which is called ”degree of polymerization”, can be in general several thousands
or more, and various types of sequence can be synthesized depending on the chemical
property of monomers. The numerous numbers of the composing units of polymers re-
sults in its huge intermolecular degrees of freedom and makes its physical properties very
intriguing. Polymers exhibit a variety of states according to its density, temperature, pres-
sure and other external conditions. As the temperature is increased, for example, chains
become much mobile due to thermal fluctuations and turn into a liquid state. When the
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Figure 1.2: Loss modulus G′′(ω) of monodisperse linear polystyrene as a function of the
oscillation frequency [1]. Similarly to Fig.1.1, the molecular weight of sample becomes
larger from the left to the right one.
temperature is decreased in contrast, chains lose their mobilities and turn into glassy or
crystalline state. The density of polymeric liquids also drastically changes their states be-
cause it determines the extent of interpenetrations and interactions among polymer chains.
Depending on its density, polymer liquids with some solvents are generally classified into
dilute, semi-dilute, and concentrated (dense) solutions. The polymer liquid without any
solvent is called as polymer melt. In this thesis, we mainly focus on the microscopic
dynamics and the macroscopic responses of the polymer melt.
The field of resasearch on the dynamics of complex fluids, which have internal struc-
tures such as polymeric liquids mentioned above, is known as rheology. The rheological
studies try to clarify the relation between the stress and the deformation imposed on the
system considered. In this thesis, we work on the rheology which elucidates the relation
between the microscopic dynamics of the degrees of freedom such as the chain segments
and bonds in polymer molecules, and averaged macroscopic observables such as a shear
stress. By obtaining these rheological properties, we can efficiently control these materi-
als when we manipulate them in industrial utilizations.
One of the most important rheological properties in the polymer melts is the slow
relaxation dynamics observed for comparably large molecular weight, which is shown in
Fig.1.1 and Fig.1.2 [1]. These data show shear elastic moduli G′(ω) and shear loss moduli
G′′(ω) as a function of the oscillation frequency ω for monodisperse linear polystyrene of
various molecular weights. According to these data, when the molecular weight becomes
larger, a pronounced plateau region appears in the elastic modulus G′(ω) and the region
becomes wider. The origin of the appearance of this plateau region is peculiar interac-
tions among long polymer chains which are called ”entanglements”, and a characteristic
relaxation mechanism due to the existence of entanglements in the polymeric systems
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with huge molecular weights, so called ”reptation”, on which we will mainly focus in
this thesis. In the following section, we briefly review the qualitative aspect of classical
understanding of entanglements and the reptation relaxation.
1.2 Classical concept of entanglement: tube model and
reptation dynamics
Figure 1.3: Schematic picture of tube concept. The topological interactions among the
test chain and surrounding chains, which prevent the test (orange) chain from moving
perpendicularly to its contour, can be regarded as a ”tube” where the test chain engages
in one dimensional diffusion due to its thermal fluctuations.
Polymer chains in a melt state and in a semi-dilute solution strongly interact with each
other owing to their deep interpenetrations and the excluded volume effect. Let us pay
attention to the dynamics of a single chain of polymer in a monodisperse polymer melt,
which we will call a test chain. When the molecular weight is comparably small, the test
polymer does not have many interactions with other chains along its contour. In contrast,
when the molecular weight become huge and beyond the critical molecular weight, the
test chain possesses a larger number of interactions with other chains along its contour.
These interactions prevent the test chain from moving perpendicularly to its contour due
to their excluded volume interactions or uncrossability between these chains. These pe-
culiar and anisotropic constraints for the test chain are known as ”entanglements”, which
bring us a highly complicated many-body problem for the relaxation dynamics of poly-
mer chains. We expect that, in such a case, a mean-field approach, where the many-body
interactions are averaged out in an appropriate manner and a single chain is imagined to
move in a mean-field, can be one of the effective tools as a rational simplification of the
complicated problem.
In 1971, de Gennes proposed such a mean-field concept for the entangled polymeric
system [2]. Now, we again focus on the dynamics of the single test chain. When the test
chain entangles with the surrounding chains in the melt, the test chain in principle cannot
move perpendicularly to its contour due to the exclude volume interactions of surrounding
chains, but its center of mass can diffuse along its contour since there is no obstacle in
this direction (See Fig.1.2). This diffusion motion of the test chain can be regarded as
if the test chain moves in a tubular-like rigid tunnel and sneakes away out of this region
due to the relaxation into its equilibrium conformation by the thermal fluctuation. This
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mean-field which gives the topological constraint on the test chain is known as ”tube”,
and the one dimensional diffusive motion of the test chain is called ”reptation”. The
classical understanding of the dynamical behavior of entangled polymer melts are based
on this tube model, which was firstly proposed by de Gennes [2] conceptually, and after
that Doi and Edwards developed this concept in a mathematical manner [3–7]. This tube
model, also known as Doi-Edwards model, is one of the most successful theories for the
dynamics of entangled polymer melts. The mathematical details of Doi-Edwards model
will be discussed in Section 2.3. Of course, the original Doi-Edwards model has still some
shortcomings which does not precisely coincide with experimental observations. The
history of the rheology of entangled polymer melts may be summarized as the exploration
of other relaxation mechanisms which improve the rheological predictions of this model.
The tube concept, however, has still been the most fundamental concept in this field [8,9].
1.3 Recent understanding of entanglements
In the last section, we reviewed the qualitative aspects of tube model or Doi-Edwards
model. This concept successfully improved the dynamical behavior of entangled polymer
melts in the bulk, and became a guiding principle in polymer physics owing to its intuitive
simplicity. Although Doi-Edwards model has been a powerful tools for predicting rhe-
ology of the entangled polymeric systems, one of the inherent limitations of this model
in the inapplicability of the tube concept to spatially inhomogeneous systems because the
tube model is based on the spatially averaged object as the topological constraint. To
describe the entanglements in such a system, we need to define the entanglements lo-
cally, while the tube model defines it by spatially averaging their interactions. Such a
development is expected to allow us to naturally introduce the entanglements to the inho-
mogeneous system such as a microphase separated diblock copolymer system which will
be discussed in Chapter 4. To construct the alternative understanding of entanglements
in a local manner, some reconsiderations of the tube concept and entanglements has been
actively discussed and proposed recently with respect to both theoretical and experimental
points of view. Although motivations of these studies are independent of each other, their
suggestions give deep insights into what the entanglement is and how the development
should be directed from the modern perspective. In the following sections, we briefly
review these discussions and suggestions.
1.3.1 Microscopic definition of polymer entanglements
From the numerical data of molecular dynamical simulations, the redefinition of entan-
glements was recently suggested by Likhtman and Ponmurugan [10]. This study is based
on careful observations and statistical treatment for the extraction of the essential con-
formational characteristics in entangled polymeric systems from the conformations of the
chain segments in molecular dynamic simulation. The numerical model used in this study
is the Kremer-Grest model [11]. This is a coarse-grained molecular dynamics model
where the coordinates of chain segments obey the Langevin equation, and each segments
interact with the excluded volume interaction represented by the Lenard-Jones potential,
and connects to the segments in the same chain via the finite extensible nonlinear elas-
tic (FENE) potential. This model shows the reptation dynamics because it reproduce the
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Figure 1.4: (a). The visualization of the long surviving contact as a specific entangle-
ment [10]. The conformations of two chains are depicted at each time. Horizontal and
vertical axes represent the scaled time by τav and the minimum distance between the two
chains, respectively. For 47 < t/τav < 112, the time region where the minimum distance
between two chains keeps to be nearly zero appears. This contact can be regarded as an
entanglement.
uncrossabilities among chains. These uncrossabilities are expected to be the microscopic
necessary condition for reptation dynamics. Prior to this their study, there has been a
well known method to visualize the ”tube” itself from such a molecular dynamic simula-
tion, which is known as the primitive path analysis (PPA) proposed by Everaus et al. [12]
and Z1-code proposed by Kro¨ger [13]. These methods enable us to visualize the tubular-
like constraint around the test chain. However, these methods can only specify the tube
for the test chain in the molecular dynamics simulation, and these methods do not give
an alternative as the theoretical background of microscopic entanglement. Likhtman and
Ponmurugan proposed the completely different way from these methods [10], that is, they
tried to decompose the tube into more microscopically definable concept, and to recon-
struct the tube from them through the statistical consideration without defining the tube
directly. To come to the point, they defined an entanglement as a persistent contact be-
tween temporally-averaged mean paths for each chain. To clarify such a contact, they
firstly determined the minimal distance between two mean paths of two chains. These







where rˆi(t) represents the mean path and Ri(t) is the raw coordinate of the i-th chain
segment, and τav is an appropriately chosen time interval. As shown in Fig.1.4, Likhtman
and Ponmurugan found that there exist long surviving contacts, which appear at t = 47τav
and disappear at t = 112τav, where the horizontal and vertical axes represent the scaled
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time t/τav and the minimum distance expressed as
d2mim(j1, j2, t) = mini1,i2(rˆi1,j1(t)− rˆi2,j2(t))2, (1.2)
where i1, j2 are the indices of monomers and j1, j2 are the indices of chains, respectively.
This is expected to be a promising candidate for the microscopic component of entangle-
ment. They anticipated that such a long-surviving contact plays an important role in the
long time behavior of the polymer chain, and can be regarded as the microscopic entangle-
ment. This idea of microscopic definition of entanglement is very attractive, because this
definition is based on the spatially local information and can be applicable not only to ho-
mogeneous systems but also to inhomogeneous systems independent of the tube concept.
The discretely defined, spatially localized entanglement picture allows us to naturally de-
fine the entanglement density. This microscopic definition of entanglement also allows us
to extend the idea of entanglement of polymers with various topology, such as branched
and pom-pom polymers, for which it is difficult to introduce the tube object naturally.
1.3.2 Chain-position-dependent motion
Figure 1.5: Motion of a linear DNA molecules under an entangled condition [14]. These
figures show the time evolution of conformation dynamics every two minutes. The
squares with different colors represent different dynamics. The explanations for these
dynamics are given in the main text.
From the experimental point of view, on the other hand, the direct observation of repta-
tion dynamics has been expected for the understanding of the actual dynamics of polymer
chains. Thanks to the development of experimental techniques, The direct observation
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Figure 1.6: Quantitative analysis of the motion of the entangled linear molecules [14].
The horizontal axis represents the segment position along a chain for every figure. (a)
and (b): displacements from the primitive path in 3D contour and 2D contour. (c): the
standard deviation of the gaussian which represents the spatial width of the segmental
dynamics from the primitive path. (d): the characteristic time for each segment along a
chain
of a single-chain dynamics can be performed experimentally. As usual, the reptation dy-
namics of entangled polymer can be observed through the major tools such as the nuclear
magnetic resonance, light scattering, and neutron scattering. These methods, of course,
cannot observe and clarify the single-chain scale dynamics since these methods measure
physical observables averaged over the experimental ensemble of chains.
Recently, Abadi et al. [14] developed new single-molecule tracking methods. They
call them a super-resolution (SR) fluorescence and a cumulative-area (CA) tracking, which
enable to quantify the chain motion in the length and time scale of nanometers to microm-
eters and milliseconds to minutes. By utilizing these methods, Abadi et al. experimen-
tally observed the spatial and temporal dynamics of linear DNA molecules. For a pre-
cise observation of the dynamics of chains for capturing it in broad spatial and temporal
scales, Abadi et al. utilized a high-resolutional method of visualization of chain con-
formation. This method enables to accomplish a higher spatial resolution than the usual
epi-fluorescence. In addition, this methods is also capable of fast image acquisition that
needs to capture three dimensional real-time chain dynamics with high temporal accuracy.
Abadi et al. also developed the cumulative-area tracking method for capturing the seg-
mental diffusion of each segment in each chain. This method clarifies the time-dependent
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localized motion of each segment, which must be required especially for capturing the
transverse constraint release motion1 of segments along chain contour. By utilizing the
combination of SR fluorescence and CA tracking mentioned above, they show the real-
space dynamics of a test chain very clearly shown in Fig.1.5. In each snapshot, the frames
with different colors highlight different motions. The white frame shows the reptation dy-
namics as the one dimensional diffusion motion along the chain contour. The red frame
shows the transverse motion within the tube diameter. The green frame shows the relax-
ation of the end segments due to the disentanglement from the initial tube, and the cyan
frame shows the transverse dynamics perpendicular to the chain contour, in which the
radius of this motion is estimated to be larger than the tube diameter.
From the series of observed motions, we can see that the test chain largely obey the
reptation dynamics expected from the Doi-Edwards model and reptation picture. How-
ever, by focusing on the segmental dynamics of the test chain, we can see the chain-
position-dependent motion which is not predicted in original Doi-Edwards model. The
quantitative analysis on the chain segments along its contour is shown in Fig.1.6. The
displacements from the primitive path in 3D contour and 2D contour are shown in Fig1.6
(a) and (b). Fig.1.6 (c) shows the standard deviation of gaussian distribution, which rep-
resents the spatial width of the segmental dynamics deviates from its contour. Fig.1.6
(d) shows the characteristic relaxation time for each segment along a chain. These re-
sults clearly suggest that the segments have different mobilities and constraints along
the chain, which does not incorporated in the current theoretical understanding based on
Doi-Edwards model with the tube concept. These studies also reveal the necessity of the
microscopic and local description of entanglements.
1.3.3 Slip-spring model
Figure 1.7: The schematic picture of a slip-spring model. The time-dependent interactions
(red springs) slides along the chains.
1The constraint release motion is one of the relaxation mechanism incorporated in the modification of
tube theory. We will explain it in Section 2.4.
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To consider some appropriate modeling of entanglements according to the suggestions
mentioned in the last section, we briefly overview of the modeling of the entanglements.
As mentioned in section 1.2, the tube concept as the mean-field approach proposed by
de Gennes [2] has been frequently utilized to understand the dynamical properties of
entangled polymer melts in homogeneous systems. The tube constraint is highly coarse-
grained object and cannot be applied to the inhomogeneous system and cannot predict
microscopic dynamics of chain segments within the tube directly. Other classical model-
ing of entanglement is explicit expression of uncrossability by the excluded volume effect
in a molecular dynamics simulation. This type of modeling is realized in the Kremer-
Grest model [11] mentioned in the last section. It is widely known that this model also
reproduces the slow dynamics due to the reptation dynamics. However, this model re-
quires the high computation cost to simulate long chains, and practically is only available
for comparably small systems.
To overcome these limitations, a slip-spring modeling has been intensively studied for
fast simulation of entangled polymer system as shown in Fig.1.7. This model introduces
the entanglements as the time-dependent interactions between the unentangle polymer
chains. The chain dynamics obeys the combination of the equations of motion of chain
segments and slipping motions of additional springs along the chains. The details of this
model will be explained in the following chapters. This model reproduces the reptation
dynamics faster than Kremer-Grest model, and also retains the more microscopic infor-
mation than tube model since the interactions of entanglements are expressed in a local
manner. These characteristics of the slip-spring model are appropriate the inhomogeneous
entangled polymer system because of the reason mentioned before. In this thesis, we ex-
ploit the mechanism of reptation dynamics of the slip-spring model and applicability of
this model to the inhomogeneous system.
1.4 Purpose and outline of this thesis
The outline of this thesis is as follows. In chapter 2, we review the basic knowledge
of rheology. To obtain rheological properties of polymeric systems, the small amplitude
oscillatory shear flow has been frequently utilized, and for this reason we briefly check
the mathematical basis of this method as the simple example of linear rheology. Next,
as the basic and classical models for unentangle and entangled polymer melts, we math-
ematically introduce Rouse model and thbe model, respectively. These models reveal
the microscopic origins of the macroscopic responses of the unentangled and entangled
polymer melts. In the last section of Chapter 2, we briefly mention the relation between
slip-spring model and other mesoscopic models for entangled polymer melts. In chapter
3, we solve the single-chain slip-spring model proposed by Likhtman [15] by simplifying
it. After reviewing the numerical details of this model, we simplify this model to con-
duct theoretical analysis easily. We define a simplified model as extended Rouse model
and solve it through the singular perturbative approach. The singular perturbation method
gives the perturbative solutions of this model and a new intuitive understanding of rep-
tation dynamics which is not necessarily based on the tube concept. In chapter 4, we
investigate the viscoelastic properties of microphase separated diblock copolymer melts,
whose overview will be given in the beginning of this chapter. As the simulation method
in this study, we introduce the multi-chain slip-spring modelsin detail. By utilizing this
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model, we report the result of the viscoelastic properties of the entangled diblock copoly-
mer melts in the microphase lamellar structure. Finally, we summarize the results and
suggestions in this thesis in Chapter 5.
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Chapter 2
Current understanding of dynamics of
polymer melts
In this chapter, we review two basic models for polymer rheology of polymer melts,
that is, Rouse model and tube model, or otherwise known as Doi-Edwards model. The
Rouse model describes the dynamical behavior of unentangled polymer melts whose
chain length is comparatively shorter than the critical molecular weight. Doi-Edwards
model, in contrast, reproduces the unique relaxation behavior in entangled polymer melts
through the reptation dynamics, which obviously manifests in longer chains. To predict
the viscoelastic properties from these models, we also briefly review a small amplitude
oscillatory shear method for predicting the linear viscoelasticity before introducing these
two models.
2.1 Linear viscoelasticity
In this section, we briefly review the basic knowledge about the linear rheology, especially
through dynamical oscillatory shear deformation. As mentioned in the last chapter, one of
the most important task in rheology is to clarify the relationship between the deformation
and the stress as a response. We can impose various deformations to clarify rheological
properties of the system concerned experimentally and theoretically. In principle, we have
some choices about the type of deformation. The dynamic oscillatory shear deformation
is the easily accessible way to conduct experimentally among possible deformations. The
dynamical oscillatory shear deformation can be classified into two categories depending
on the amplitude of deformation, that is, a small amplitude oscillatory shear (SAOS) de-
formation and a large amplitude oscillatory shear (LAOS) deformation [16], thorough
which linear and nonlinear rheology can be tested through SAOS and LAOS deforma-
tion, respectively. We focus on the SAOS deformation in this chapter for explaining the
rheological properties in linear regime for a simple example of the polymer rheology. In
the linear regime, we can utilize the Boltzmann’s superposition principle as a powerful
tool. This principle enables us to establish a basic foundation which will be shown later
in detail.
The essential dynamics of macroscopic stress relaxation in polymeric systems mainly
originates from the bond dynamics which reflects the relaxation of the orientation and the
stretching of a chain under some external deformation. The microscopic expression of the
11








where the Greek indices corresponds to the Cartesian components, V is the system vol-




i ) is the coordinate of i-th segment and Fi is the total force acting
on the i-th segment. The summation runs over all segments in the system. If we can








where Rij ≡ Ri −Rj is the relative position between i-th segment and j-th segment, and
F is the force which acts from the j-th segment to the i-th segment. This expression is a
fundamental relation which connects the microscopic dynamics and the macroscopically
observed stress.
When we consider the dynamics of the stress relaxations under arbitrary deformations,
they are, of course, not necessarily the same as the thermal fluctuation in equilibrium.
In principle, the motions of chains and their bonds obey different dynamics depending
on the different types and time dependence of the deformation. These differences are
expected to result in qualitative differences in the mechanical responses. However, in the
limit of small amplitude where a linear response can be satisfied, the motions of chains
are independent of the type of deformation, and coincides with that of equilibrium. In
this case, we can obtain the rheological properties under arbitrary deformation from the
knowledge of the dynamical response under some specific deformation. To discuss the
linear rheological properties, we now introduce a stress relaxation modulus G(t) from the




Although the stress relaxation modulus also depends on the deformation strain γ, in the
linear regime, G(t) is independent of γ and only depends on time t as mentioned above.






where τ is the initial time, and 〈· · · 〉 represents the ensemble average. These two expres-
sions (2.3) and (2.4) are theoretically equivalent in the linear regime.
As the next step, to describe the deformation γ(t) as a arbitrary function of time, we
consider shear stress σxy(t) after a step deformation imposed at time t1 and t2. From the
definition of the stress relaxation function in Eq.(2.3), we can define the stress relaxation
functions G1(t) and G2(t) for each step strain γ1 and γ2 imposed at times t1 and t2,
σ1(t) = γ1G(t− t1), (2.5)
σ2(t) = γ2G(t− t2), (2.6)
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where satisfies t > t1 and t > t2, respectively. Because an infinitesimal strain does not
influence the thermally fluctuating motion in equilibrium, the shear stress in linear regime
satisfies the additivity, that is, the superposition of shear stresses for each individual de-
formation coincides with the shear stress for the superposition fo the deformations. This
fact can be expressed as
σ1+2(t) =σ1(t) + σ2(t)
=γ1G(t− t1) + γ2G(t− t2). (2.7)
This relation can be generalized to describe the relation between the shear stress σ(t) and

















where we took the continuous limit∆t→ 0 in the third line of Eq.(2.8) and we transform
the integration variable from t to t′ − t in the last line of in Eq.(2.8). This relation is
called Boltzmann’s superposition principle, and this is the fundamental relation of the
linear rheology.
Based on the Boltzmann superposition principle, we now consider a dynamic oscil-
latory deformation analytically. Experimentally, an oscillatory shear deformation can be
easily performed by utilizing a rheometer. In the oscillating shear deformation, we usually
consider a sinusoidally oscillatory small strain and its strain rate expressed as
γ(t) =γ0 sin (ωt) , (2.9)
γ˙(t) =γ0ω cos(ωt), (2.10)
where γ0 is the amplitude of the oscillation, ω is the oscillation frequency, and the overdot
means the derivative with respect to time. In the theoretical linear rheology, γ0 practically
satisfies γ0 ≪ 1. By substituting the expressions of oscillatory shear as Eqs. (2.9) and


















≡γ0 [G′(t) sin(ωt) +G′′(t) cos(ωt)] , (2.13)










dt′ G(t′) cos(ωt′). (2.15)
















The storage modulus, which is shown in Fig.(1.1), represents the in-phase response to
the sinusoidal deformation and the loss modulus represents π/2 delayed response. The
storage and loss moduli can be measured by experiments. The theoretical task finally left
is the calculation of these modulus from the microscopic models that an appropriate for
the unentangled or the entangled polymer chains. In the following sections, we review
the two basic models for the dynamics of unentangle and entangled polymer melts, and
evaluate these quantities in practice.
2.2 Rouse model
In this section, we explain the mathematical details of Rouse model. This model de-
scribes the dynamics of unentangled polymer melts. In unentangle polymeric system, we
assume that the polymer chain is short enough and its molecular weight is smaller than
the entanglement molecular weight. This model consists of the equation of motion of the
spatial coordinate of i-th segment Ri(t), which is connected to the neighboring segments







(Ri+1 − Ri)2, (2.17)
where b is the segment bond length as the characteristic size of each spring. 3kBT/b2 cor-
responds to spring constant which proportional to the temperature T , because the spring
potential originates from the entropic origin. To specify the motion of the positions of seg-







(Ri+1 + Ri−1 − 2Ri) + ξi(t), (2.18)
where ζ is the friction constant of each segment, and the thermal fluctuations ξi(t) satisfies
the following fluctuation-dissipation relation:
〈ξαi (t)〉 =0, (2.19)
〈ξαi (t)ξβj (t′)〉 =2kBT ζδijδαβδ(t− t′). (2.20)
The first term of the right-hand side in Eq.(2.18) represents the connection between neig-
bouring segments according to the interaction energy Eq.(2.17). The both end segments
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(RN−1 − RN) + ξN(t). (2.22)
Solving the set of equations, Eqs.(2.18), (2.21) and (2.22) with the fluctuation dissipation
relation expressed by Eqs.(2.19) and (2.20), gives the time evolution of the chain seg-
ments. The analysis of these equations in a discrete manner is still difficult although these
equations are linear in {Ri(t)}. These equations can be handled easily by introducing
the continuous approximation. If the polymer chains are composed of large number of
segments, i.e., the polymerization N is large, then the segment index i can be replaced by
a continuous variable. In this case, Eqs.(2.18), (2.21) and (2.22) can be put together into









+ ξ(s, t), (2.23)











The fluctuation-dissipation relation are also transformed into
〈ξ(s, t)〉 =0, (2.25)
〈ξα(s, t)ξβ(s′, t′)〉 =2kBT ζδαβδ(s− s′)δ(t− t′). (2.26)
We can easily analyze these equations by utilizing the Fourier (normal) modes as follows:


















Here, Xp(t) means the normal modes identified by a mode number p. The choice of
cos(pπn/N) reflects the open boundary conditions given by Eq.(2.24). By substituting





= −kpXp(t) + fp(t). (2.29)
This equation is also supplemented by the fluctuation-dissipation relation in the Fourier
space
〈fp(t)〉 =0, (2.30)
〈fα,p(t)fβ,q(t)〉 =2ζpkBT δαβδ(t− t′). (2.31)
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The coefficients in Eq.(2.29) in the Fourier space and the corresponding real space pa-


















In the above equations, the normal modes are completely independent of other modes.














These formal solutions enables us to analyze the rheological properties of the Rouse
model. The mode p = 0 represents the motion of the center of mass, on which only the
fluctuation force is acting. The mean square displacement (MSD) of this mode reduces to
〈[X0(t)− X0(0)]2〉 = 6kBT
Nζ
t, (2.37)





We note that the diffusion coefficient of the center of mass of the Rouse chain is propor-
tional to N−1. The normal modes p = 1, 2, 3, · · · represent the internal deformation of the
polymer chain. According to the equation of motions of each modes and the expression














By substituting Eq.(2.39) into Eq.(2.4), we finally obtain the stress relaxation function for












where c = NcN/V represents the concentration of the segments in the system with the
volume V , and Nc is the total number of chain in the system. From this result, we find that
the stress relaxation function of the Rouse model is expressed as a sum of many relaxation
modes. These mode with low p value p = 1, 2, · · · express the longer relaxations due to
the deformation of the whole chain, while higher p modes represent the rapid relaxations
due to the deformation in the short wave length scale. In the long time regime, the stress
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relaxation is dominated by the longest relaxation mode, which allows us to approximate









where we denote τ1 ≡ τR. This τR is called the Rouse time. On the other hand, in
the short and the intermediate time regimes, we cannot neglect the contribution from the













The scaling behavior t−1/2 is the characteristics of Rouse model. Once the stress relax-
ation function G(t) is known, the storage modulus G′(t) and the loss modulus G′′(t) can
be determined through Eqs (2.14) and (2.15) . In low frequency regime, we obtain
G′(ωτR < 1) ∝ (ωτR)2 (2.43)
and
G′′(ωτR < 1) ∝ (ωτR)1. (2.44)
These scaling behaviors, G′ ∝ ω2 and G′′ ∝ ω, represent the terminal relaxation of Rouse
chain, which corresponds to the exponential relaxation of G(t) in long time regime. On
the other hand, in high frequency regime, we find
G′(ωτR > 1) ∝ √ωτR (2.45)
and
G′′(ωτR > 1) ∝ √ωτR. (2.46)
The scaling behaviors G′ ∼ G′′ ∝ √ω are characteristics to unentangled polymeric sys-
tems, which corresponds to t−1/2 behaviors of G(t) for short time regime. These scaling
behaviors in both of short and long time regimes has been confirmed in the experiments.
2.3 Tube model
The Rouse model, which was introduced in the last section, can reproduce the experimen-
tal results of the dynamical behavior of unentangled polymer melts, where the polymer-
ization of polymer chains is smaller than the critical molecular weight M < Mc. The
deviation from the Rouse model clearly appears, however, for the polymer melts whose
polymerization is larger than the critical molecular weight Mc. As mentioned in the Sec-
tion 1.2, this behavior originates from the topological and dynamical constraint imposed
by the surrounding other chains known as entanglements. These behaviors cannot be re-
produced by the original Rouse model. To describe the effect of entanglements, there are
some possibilities. One of them is to introduce the completely different equation of mo-
tion, and the Doi-Edwards model follows this choice. Recent efforts for developments of
other possibilities will be explained in the next sections. In the Doi-Edwards model, the
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test chain in the entangled polymer melts is assumed not to be able to move perpendicu-
larly to its primitive path. The primitive path is the coarse-grained chain contour over tube
segment diameter a. In this sense, the tube model is essentially defined for a continuous
path 1. When we denote a as a tube diameter, the relation between the tube diameter a
and the Kuhn step b of the test chain is expressed as
a2 = Neb
2, (2.47)
where Ne is the number of Kuhn steps contained in one tube segments. The length of the




a ≡ Za, (2.48)
where we define the entanglement number Z ≡ N/Ne, which represents the number of
the entanglement segment in the test chain. The entanglement number Z is the important
quantity which tells us the degree of the entanglements. Under the constraint of the tube,
the only choice available for the test chain to relax into equilibrium is to slide along
the primitive path. This motion is known as ”reptation”, whose name originates from
the slithering motion of snakes. This reptation motion is mathematically expressed as
follows:
R(s, t+∆t) = R(s+∆ξ(t), t), (2.49)
where ∆ξ(t) is a stochastic variable which satisfies
〈∆ξ(t)〉 = 0, 〈(∆ξ(t))2〉 = 2Dc∆t, (2.50)
where Dc is the diffusion coefficient defined in the Rouse model, Eq.(2.38). We note
that this equation is defined for continuous contour index s. This equation means that the
position of tube segment R(s, t) will move to the position of either neighboring segments
after ∆t, which represent the one dimensional diffusive motion along the primitive path.
The important point of the tube theory is that we do not obtain the position of tube segment
R(s, t), but obtain a survival probability of the initial tube. The survival probability of the
initial tube reflects the bond and stress relaxation. To relate the repation dynamics to the
survival probability of the initial tube, the time development of the following quantity is
helpful:
φ(s, s′, t) = 〈(R(s, t)− R(s′, 0))2〉 (2.51)
The physical observables evaluated in the Doi-Edwards theory is fundamentally based on
the behavior of this quantity. The time development of this quantities obeys the reptation
dynamics Eq.(2.49)
φ(s, s′, t+∆t) =φ(s, s′, t) + 〈∆ξ〉 ∂
∂s






φ(s, s′, t) (2.52)
=φ(s, s′, t) +DG
∂2
∂s2
φ(s, s′, t). (2.53)
1The continuous treatment in the Rouse model is performed for the simplification of the equations of
motion, and the analysis in a discrete manner is also possible. In contrast, the tube concept formulated in
the Doi-Edwards model is originally defined based on the coarse-grained continuous contour. In this sense,
we cannot go back to the discrete expression in Doi-Edwards theory.
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As the result, the fundamental equation for reptation dynamics reduces to the diffusion
equation of φ(s, s′, t). This diffusion equation is supplemented by the following boundary
conditions:













The Eq.(2.54) represents the initial condition. The others are the boundary conditions
obtained by the following calculation: It is known that the diffusion Eq.(2.52) with the
conditions, that is, Eqs. (2.54), (2.55) and (2.56) gives the solution





























This characteristic relaxation time τd is called the reptation time. The physical meaning
of this relaxation will be clarified in the following. Now, what we need to obtain is the
stress relaxation, which is equivalent to the bond relaxation in the Doi-Edwards theory in
the linear regime. By defining the bond vector as
u(s, t) ≡ ∂R(s, t)
∂s
(2.59)
The bond correlation between the different bonds at the present and at the initial time can
be evaluated through





φ(s, s′, t), (2.61)
which can be rewritten by substituting φ(s, s′, t) expressed by Eq.(2.57) into Eq.(2.61),
we obtain





















We give an intuitive meaning of this correlation function. At t = 0, the bond vector
located at s′ never correlates with bond vector in different location s except with itself. In
other words, the initial condition is expressed by a delta function δ(s−s′). As time passes,
the initial information of the bond vector at s′ = 0 diffuses through the reptation diffusion
of the segment and goes to other place s. In this sense, the correlation profile will broaden
itself from the initial delta function. When the segment which located at s′ goes out of the
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tube, the correlation disappears, which is called disentanglement. By evaluating the bond
correlation function, we measure the probability distribution that the segment which now
locates at s and initially located at s′ survives at time t. By integrating s over all contour
of the primitive path, we obtain the probability that the segment which initially locates s′
























The probability that whole initial tube survives at time t can be obtained by integral s′
















As mentioned above, the bond correlation function is proportional to the stress relax-
ation in linear regime, we can conclude
G(t) = G0Ψ(t). (2.66)
The relaxation process in the tube model through the survival probabilityΨ(t) is schemat-
ically depicted in Fig.2.1. As shown in Fig.2.1, the bond relaxation of the test chain in
the tube at the end through the reptation dynamics has relation to the disappearance of the
initial tube. From this stress relaxation function G(t), we can evaluate the storage modu-










These results resemble the low frequency behavior in the Rouse model. This represents
that Doi-Edwards model also predicts the exponential relaxation with the characteristic
time τd in low frequency regime. On the other hand, in high frequency regime, we obtain
G′(ω) ∼ Ge (2.69)
and
G′′(ω) ∝ ω−1/2. (2.70)
As we can see from Eq. (2.69), G′(ω) keeps some constant which is called plateau modu-
lus Ge, which corresponds to the plateau region in Fig.1.1. This temporal elastic behavior
is the most prominent characteristic in the reptation dynamics.
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Figure 2.1: The schematic picture of reptation dynamics. After the infinitesimal defor-
mation, the test chain tries to relax into its equilibrium, but the chain cannot relax due to
the tube confinement until t ∼ τe. During τe < t < τd, the segments near the ends of test
chain relax since they loose the tube constraint by reptation dynamics. For t ∼ τd, most
of all segments and bonds reach their equilibrium states.
2.4 Missing mechanisms in Tube model
The Doi-Edwards model qualitatively well describes the behavior of the relaxation mech-
anism of the entangled polymers, and have proven the validity of the intuitively useful
concept of tube. However, the original Doi-Edwards model still has some disagreement
with the experimental observations. The later development of the theory for the entan-
gled polymer is mainly to give the additional relaxation mechanism for ”rigid” tube in
the original Doi-Edwards model. Basically, the problem of Doi-Edwards model is that
the tube modeled in this theory is too ”rigid”. During the relaxation of the test chain,
the tube itself does not show any dynamical behavior. The tube is, however, a mean-field
which represents the surrounding chains and also dynamically relaxes to their own steady
or equilibrium states. To improve the quantitative prediction, we need to take the dynam-
ics of environmental chains into account in the theory through some additional relaxation
mechanism besides the reptation. In this section, we briefly review these additional mech-
anisms in a qualitative manner.
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One of the deviations of the original Doi-Edwards model from experimental results
is the scaling exponent of the viscosity with respect to the molecular weight M . The
original Doi-Edwards model predicts the zero-shear viscosity shows η0 ∼ M3 according





In contrast, the experiments shows η0 ∼ M3.3∼3.4, which indicates that η0 depends on N
slightly stronger than prediction of the original Doi-Edwards model. Doi suggested that
this discrepancy can be resolved when the fluctuation of tube is taken into account, and
the ends of the tube will relax faster than the original rigid tube [17]. This modification
succeeds in accelerating the tube relaxation and reproduces the scaling behavior observed
in the experiments.
Another major relaxation mechanism is a constraint release. This mechanism can be
regard as an incorporation of the dynamics of the surrounding chain in a self-consistent
manner. While the contour length fluctuation assumes the dynamics only at the ends of the
tube, the constraint release modifies dynamics of the whole part of the tube. Intuitively,
the tube for the test chain is composed of the surrounding chains, which also relax to
their own equilibrium states. These reptaion dynamics of the surrounding chains result in
partial breakages of the tube for the test chain. This mechanism generally accelerates the
relaxation and gives the innegligible corretions on various observables.
The development of the Doi-Edwards theory including these relaxation mechanisms
has been proposed in several manners, but is still controversial, especially for the con-
straint release. Especially, the inclusion of the constraint release into the tube idea as
a self-consistent single-chain model necessarily requires uncontrollable approximations
and radical simplifications, which cannot be justified straightforwardly. In order to re-
move these approximations, a numerical approach such as molecular dynamics simula-
tions has been intensively utilized and developed. In the next section, we briefly review
various efforts and the current situation in such a field.
2.5 Simulation models
In the last section, we introduced the mathematical detail of the Doi-Edwards model.
Although Doi-Edwards model has been developed by supplemented with some missing
relaxation mechanisms, we finally need some unclear approximations and unphysical sim-
plifications for the mean-field closure for the mathematical analyses. If we wish to avoid
these uncontrollable mathematical operations, we should step back to the original idea of
the tube itself. This can be conducted through various models introduced in the following.
For this purpose, various numerical models have been proposed, but we cannot explain
all of them here because it is out of the scope of this thesis. In this section, we explain
some of them which deeply relate to the present study. Other models are well introduced
in the Ref. [18] and its references therein.
One of the promising ways is to express the topological constraint from microscopic
origin, that is, the uncrossability between chains due to the exclude volume effects which
is naturally expected as the origin of the entanglements. In this direction, Kremer and
Grest [11,19] proposed a bead-spring model with these effects, which in known as Kremer-
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Figure 2.2: The schematic pictures of Doi-Edwards model, slip-link model, and slip-
spring model.
Grest (KG) model. The positions of chain segments in KG model obey an overdamped
Langevin equation. Each segment has the Lennard-Jones-type excluded volume interac-
tion, and the bond potential is defined by the finite extensible nonlinear elastic(FENE)
force. Kremer and Grest [11] showed that this model reproduces a crossover of scal-
ing behavior from the unentangled state to entangled state depending on its chain length.
This model, however, needs high computational costs for reproducing the well entangled
polymeric systems. To simulate a much larger system with low computational cost, other
coarse-grained model are promising.
An alternative way to calculate the dynamics of entangled polymeric systems is to
introduce the tube-like constraint into the molecular dynamic simulation. If we accept the
tube-like constraint as a real object, we directly conduct a meso-scopic scale simulation
with a high computational efficiency since we do not need the topological constraint to be
reproduced by more microscopic information.
The mesoscopic simulation with tube-like constraints was first proposed by Hua and
Schieber [20–22]. This model is known as ”slip-link model” as shown in Fig.2.2. The
tube-like object, that is, the slip-link itself was utilized in the development of Doi-Edwards
model theoretically. Hua and Schieber proposed a coupled ordinary differential equa-
tions which represents ensemble of chains for treating the some mechanisms that were
mentioned in the last section. This model successfully reproduces the behavior of the
entangled polymers. Especially, the constraint release and the contour length fluctuation
are naturally incorporated with the aid of multi-chain treatments. The slip-link model is,
however, still categorized as a single-chain model, because each chain in the ensemble
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does not interact with each other in real space and they are coupled with each other only
through the statistics of the creations and destructions of slip-links. To incorporate the
interactions in the real space in the slip-link model, it has been also extended to the multi-
chain system, which means that the chains in the simulation ensemble interact with each
other in three dimensional real space by Masubuchi et al, which is called the primitive
chain network model [23].
Another way to incorporate the tube effect was proposed by Likhtman [15], which is
known as a slip-spring model. This model compromise between the slip-link-like topo-
logical constraint and transient network idea previously proposed by Rubinstein and Pa-
nyukov [24]. In the slip-spring model, the chain itself is expressed as Rouse chain. In-
stead of the slip-links, which inhibit the segmental motion rigidly, Likhtman introduced
the harmonic springs (slip-springs) between the spatially distributed and fixed anchor-
ing points and the chain segments. This model will be explained in detail in Chapter 2.
Likhtman also assumed that these slip-springs move according to their own dynamics.
By appropriately choosing the dynamical rules and related parameters, this model suc-
cessfully reproduce the reptation relaxation and various observables. Likhtman’s idea has
also been extended to the multi-chain fashion, in which the slip-spring is connecting the
different chain segments rather than the spatially fixed anchoring points, which will be
introduced in Chapter 4.
In this thesis, we focus on the simplification and application of slip-spring models.
In chapter 3, we focus on Likhtman’s single-chain slip-spring model. We will develop an
analytical method for solving the simplified model, and will suggests an alternative under-
standing of the reptation dynamics independent of tube concept in an intuitive manner. In
chapter 4, we apply the multi-chain slip-spring model proposed by Langeloth, Masubuchi
and Mu¨ller-Plathe [25] to microphase-separated block copolymer systems.
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Chapter 3
Reptation dynamics of extended Rouse
model
In the previous chapter, we introduced the classical theories and briefly reviewed the
recent numerical approaches for the reptation dynamics of entangled polymer melts. Es-
pecially, We expect that the slip-spring scheme is one of the most promising ways, since
this scheme has a potential usefullness for the applications to various situations due to
its simplicity, especially to the heterogeneous system. In this chapter, we focus on the
single-chain models where the actual complicated interaction due to the entanglements
are approximately incorporated in a single-chain dynamics without solving many-body
problems directly. In the following, we first introduce the single-chain slip-spring mod-
els [15] and its scheme in detail, which has been intensively studied [26] and extended
to the multi-chain approaches1. However, these preceding studies of this model can be
performed only numerically because the numerical scheme in the slip-spring model is
difficult to treat analytically. To clarify what plays an important role for reproducing the
reptation dynamics due to the entanglements, we will simplify the single-chain slip-spring
model, and solve it in a perturbative manner. We find that this simplified model, we call
this model extended Rouse model, also reproduces the reptation dynamics with a high
computational efficiency, and that this treatment elucidates the possibility of the intuitive
and alternative expression of entanglements independent of the tube concept.
3.1 Single-chain slip-spring model
In this subsection, we describe the scheme of the single-chain slip-spring model in detail.
The single-chain slip-spring model [15] was firstly proposed by Likhtman, and he aimed
to simultaneously predict the rheological properties observed by the three different ex-
perimental techniques, that is, neutron spin-echo (NSE), linear rheology measurements,
and diffusion measurements. Especially, the original Doi-Edwards model cannot properly
predict the dynamic structure factor obtained by NSE, because the Doi-Edwards theory
does not correctly predict the segmental dynamics on the tube diameter length scale. To
accomplish this purpose, he alternatively formulated the stochastic differential equations
and solved directly without any uncontrollable approximations and simplifications. It
1The details of the multi-chain slip-spring models will be described in Chapter 4.
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Figure 3.1: The schematic picture of the single-chain slip-spring model proposed by
Likhtman.
is reported that this model successfully reproduces the rheological properties of several
monodisperse polymer melts with use of some parameters. This model does not require
high computational costs since time-dependent forces are just added to the standard Rouse
model. This model expands the possibility to express the entanglement effect using tran-
sient force networks. In the following, we introduce the scheme of this model in detail.
As mentioned above, the key concept in this single-chain slip-spring model is the
modification of the standard Rouse model by introducing virtual harmonic springs. One
end of the spring anchors to the Rouse chain segments, whereas the other end is fixed in
the space. The schematic figure of this model is depicted in Fig. 3.1. These virtual springs
mimic the entanglements as the transient forces imposed by the surrounding chains. To
express such a model mathematically, we describe the total potential energy of the single-










(aj − sj(xj, {R}))2, (3.1)
where j = 1, · · · , Z is the index number of slip-spring, aj is the spatially fixed point
which mimics the segment of the surrounding chains, Ns is the number of segments in
the slip-spring, xj is the one dimensional position of j-th slip-spring along the chain con-
tour2 and Ri is the position of i-th segment in the chain, whose length is N (the segment
index i runs over i = 0, · · · , N ), and sj(xj, {R}) is the three dimensional position of the
anchoring point to the chain, which is defined as
sj(xj, {R}) = Rtrunc(xj) + (xj − trunc(xj))(Rtrunc(xj)+1 − Rtrunc(xj)), (3.2)
where trunc(xj) is a truncated integer, that is, the largest integer which is less than or
equal to xj . The point sj can locate at an intermediate position between Rtrunc(xj)+1 and
Rtrunc(xj). From the expression of the total energy, the variables ri, xj , and aj obey the
Gaussian distribution













(aj − sj(xj, {R}))2
+
, (3.3)
2Note that this variable is not discrete, but continuous. The truncation of xj , trunc(xj), corresponds to
the discrete index which represents the segment index of chain.
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where N is an appropriate normalized constant. We note that the fixed points in the
surroundings, aj , are artificially placed objects which mimics the entanglements with the
surrounding chains in the single-chain manner. From the experimental observation, it
is known that the entanglements are purely dynamic constraint which do not affect to
the equilibrium state. In other words, when we integrate P ({Ri}, {xj}, {aj}) over the
all possible configurations of aj , this probability distribution should reduce to the usual
equilibrium distribution of the Gaussian chain without any interaction, that is,!









This requirement can be satisfied numerically by the following way. First we prepare an
initial state for the Rouse chain. We next generate a one-dimensional anchoring point
xj using a random number that obey the uniform distribution from 0 to N , which allows
us to specify the sj for each xj . Finally we determine the anchoring points aj in the
environment, according to the Gaussian distribution







The above procedure guarantees that the artificial slip-spring energy does not affect the
equilibrium state for the Gaussian chain statistics. Now, we need to define the equations
of motion that these degrees of freedom obey. Since we add slip-springs and their an-
choring points to the system, we need the equations of motion for the positions of chain
segments Ri(t), and the position of slip-springs xj in addition. The equations of motion




















(xj − trunc(xj))(aj − sj), (3.6)
subjected to the fluctuation-dissipation theorem
〈fi,α(t)fj,β(t′)〉 = 2kBT ξδαβδ(t− t′)δij. (3.7)
The first and second terms on the right-hand side of Eq.(3.6) are the spring forces which
connect the neighboring segments and the fluctuation which acts on the segment, respec-
tively. These terms already appeared in the standard Rouse model. We also incorporate
the force due to the slip-springs through the third and fourth terms in Eq.(3.6), which cor-
responds to the slip-spring forces from left and right sides for the segment, respectively.
In addition, we need to determine the dynamics of the anchoring points of the slip-springs.
We assume that positions of anchoring points also obey the over-damped Langevin equa-
tion, where the force acting on the anchoring points is defined as the projected force of
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Figure 3.2: The stress relaxation function G(t) obtained by the single-chain slip-spring
model [15] . The chain length becomes longer from the left data to the right one.







(Rtrunc(xj)+1 − Rtrunc(xj))(aj − sj) + gj(t), (3.8)
which is also supplemented with another fluctuation-dissipation theorem
〈gi(t)gj(t′)〉 = 2kBT ξsδ(t− t′)δij, (3.9)
where ξs is the friction constant for xj . The Equations. (3.6)-(3.9) are the complete set
for the single-chain slip-spring model. In this simulation, we prepare several chains as
sample from the ensemble, and simultaneously calculate the dynamics of each other, and
evaluate the ensemble-averaged observables. The chain in this ensemble does not interact
with other chains. The actual interactions of the uncrossability due to the entanglements
are now approximately incorporated by the virtual slip-springs. In Ref. [15], he compared
the numerical results with the experimental data of the various kinds of polymeric sys-
tems and he showed that these are fitted, where this model has three fitting parameters
Ne, Ns, ξs. We note that the slip-spring type of interactions inevitably need some fitting
parameters because we add the virtual artifacts.
3.2 Extended Rouse model
In the previous section, we confirmed the details of numerical scheme in the single-chain
slip-spring model proposed by Likhtman [15]. This scheme successfully reproduces the
linear viscoelastic properties, the diffusion behavior, and the dynamic structure factor.
The model also accomplishes a low computational cost because the idea is based on the
introduction of the virtual external forces and their dynamics which mimic the entan-
glements to the standard Rouse model. This model is, however, inappropriate for the
analytical approach, because the dynamical scheme of this model aims for the numerical
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analyses as Likhtman stated [15]. Especially, the dynamics of the anchoring points of
slip-springs cannot be tractable in an analytical manner. The procedure of the introduc-
tion of the spatially fixed points is indeed numerically accessible. However, when we
calculate the dynamics of each segment, we need to specify the coordinates of the fixed
points. In addition, the translational invariance in the long-time regime is guaranteed only
by the slip dynamics of the virtual springs. The chain segments do not have such an in-
variance by themselves since these chains anchored in the network. In the following, we
aim to reproduce the reptation dynamics from more simplified picture based on the idea
of slip-spring model by taking advantage of the solvability of the Rouse model.
3.2.1 Modeling
Figure 3.3: schematic picture of the extend Rouse model.
As mentioned above, the original setup of the single-chain slip-spring model is diffi-
cult to treat analytically, especially due to the dynamics of the anchoring points of slip-
springs. Therefore, we need to simplify this model to aim for an analytical treatment.
A possible idea for the simplification is the following. We expect that the dynamical
mobilities of the anchored chain segments which are connected to the surrounding fixed
points are strongly suppressed. The anchored segments are inevitably localized near the
surrounding fixed points. This restriction of segmental motion leads to the decrease in
the travel distance of the segments. The decrease in the mean square displacement can
be differently expressed as the increase of the friction constant through the fluctuation-
dissipation theorem. Therefore, we regard the segment anchored by the slip-spring as the
segment with slow mobility, which can be described by the larger friction constant ζe that
satisfies ζe ≫ ζ0. This simplification does not require the spatially distributed fixed points
and their coordinates. In addition, we also simplify the sliding dynamics of the anchoring
points along chains. This sliding dynamics makes it difficult to analyze this model. For
this reason, we neglect the slip dynamics, that is, the friction constant is fixed at given
chain segment. This simplification makes the analytical approach much easier. These
ideas are schematically depicted in Fig.3.3. For convenience, we call the segments with
slow mobility or large friction constant ζe as the entanglement segments, and this model
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as the ”extended Rouse model”. To put it simply, this model can be regarded as the Rouse
model with discretely heterogeneous friction constants along the chain contour.
Before mathematically formulating our ideas mentioned above, we give a short review
of reptation theories based on Rouse theory, which are different from Doi-Edwards model.
After Doi-Edwards theory, Hess [27–29] , Schweizer [30–33] , Kavassalis and Noolandi
[34, 35], Curtiss and Bird [36, 37],and Kawasaki, Kawakatsu and Zimmerman [38] tried
to extend the reptation dynamics model by means of the generalized Rouse theory or the
corresponding Fokker-Planck formalism. One of the objects of these efforts is to construct
a phenomenological model to interpolate between the reptation dynamics and the Rouse
dynamics, since Doi-Edwards model only describes only well entangled polymer melts.
In order to do that, these researchers took roughly same strategies, that is, they introduced
an anisotropic friction coefficient where the friction ζ⊥ normal to the bond vector and
the friction tangent to the bond vector are different in general. Especially, Kawasaki,
Kawakatsu and Zimmerman introduced the following phenomenological equations
ζ0c˙τ + ζ⊥nτ · c˙− ζ2nτ · ∂
2
∂τ 2
(nτ · cτ ) = −δH
δcτ
+ f τ (t) (3.10)
〈f τ (t)f τ ′(t′)〉 = 2kBT
#





δ(τ − τ ′)δ(t− t′), (3.11)













2 + · · ·
-
, (3.13)
where cτ (; t) is the position vector of chain segments, τ is the continuous variables be-
tween 0 and N , and ζi are the friction coefficients for the monomers. In these formula-
tions, however, the anisotropic friction approach is incompatible with the discrete expres-
sion and especially to the numerical simulation [39]. The model introduced in this section
is completely different approach from the Rouse model although the starting point is the
same.
Now, we give a mathematical formulation based on the ideas mentioned above. The
equation of motion is almost the same as the standard Rouse model. We do not need
any other additional degrees of freedom like the virtual slip-springs. In the following, we
describe a mathematical formulation of the extended Rouse model with two entanglement
points, which locate at the i-th and j-th segments. Here we assume i < j for simplicity.
We can generalize the number of entanglement segments without any difficulties. In the
present case, since the chain has only two entanglement segments, it has three sub-strands
divided by the entanglement segments as shown in Fig.3.3. The segments in these sub-
strands have normal mobility, while the ends of sub-strand chain the slow mobility. The
ends of the whole chain has, of course, have the normal mobility and obeys the open
boundary conditions. We write down the equations of motion for each sub-strand chain,




= k(Rn+1 + Rn−1 − 2Rn) + fn (3.14)
〈fαn(t)fβm(t′)〉 = 2ζ0kBT δ(t− t′)δαβδnm (3.15)
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= 0, Ri =ri, (n = 1, 2, · · · , i− 1)










where ri and rj are the initial position at t = τ of the entanglement segments Ri, and Rj .





= k(Re+1 + Re−1 − 2Re) + ge(t), (3.19)
〈gαn(t)gβm(t′)〉 = 2ζeδ(t− t′)δαβδnm, (3.20)
where e = i, j. The equations for the entanglement segments are ordinary differential
equations. The dynamics of neighboring segments obeys the equation for the sub-strand
chains. In these coupled equations, there exists two timescales determined by ζ0 and ζe.
For convenience, we define . =
2
ζ0/ζe. Here, . is expected to be very small when
ζ0 ≪ ζe, which enables us to conduct a perturbative analysis for these equations. For this
reason, we expand the solution of these coupled equations as
Rn(t; τ) = R(0)n (t; τ) + .R
(1)
n (t; τ) + .
2R(2)n (t; τ) +O(.3), (3.21)
where the superscripts represent the order of the perturbation. τ is the specific initial time,
which is necessary for the reason mentioned later. In the following analysis, we set ζ0 = 1
for simplicity and then . =
√
ζe.
According to the standard perturbation method, we now write down the perturbative
solutions up to the second order in .. In the zeroth order perturbation, the entanglement
segments cannot move since this segment feel no force from other segments due to the
large friction coefficient. Therefore we obtain
R(0)i = ri, R
(0)
j = rj, (3.22)
where ri and rj are arbitral integral constants. In the zeroth order, since the entanglement
segments are spatially fixed, the solutions of the normal segments can be written in terms
of the Rouse model under the boundary conditions that one chain end fixed or both ends
of chain fixed:
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p (t) and Y
R
p (t) represents the normal modes for each sub-strand chain
and the superscript L, M and R are the indices of sub-strand chains. We now obtain all
dynamics of normal segments in the sub-strand chains. We find that zeroth order solution
corresponds to the Rouse chain which is spatially fixed at the entanglement segments.
As the next step, we need to obtain next order solutions. The higher order solutions
gives the time evolution of the entanglement segments3. In the following, we obtain first





where ξe(t) is a stochastic variable which satisfies
〈ξα(t)〉 = 0, 〈ξαn(t)ξβm(t′)〉 = 2δ(t− t′)δαβδnm. (3.25)
Therefore, we obtain
















Because we already have knowledge about the time evolution of the neighboring seg-
ments, we obtain the formal perturbation solution of the second order in ., by substituting
them into Eq.(3.27). Finally, we obtain the perturbation solution of entanglement segment

































3Strictly speaking, the perturbation effect influences on the normal segments through the end of sub-
strands. However, when we take them into account, the expressions of the solutions become very compli-
cated. Therefore, we neglect them here. We show that the neglect of these effects seems to be small.
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In the above steps, we obtain all the solutions through standard perturbation methods.
These solutions, however, do not describe the correct behavior of this system, because the
terms proportional to (t− τ) diverge to infinity as long time passes, which instantly turns
out to be unphysical. These diverging terms are called secular terms that appear typically
when the multiple time scales exist in the system. In this case, the difference of time scale
exists between the normal segments and the entanglement segments through the friction
constant ζ0 and ζe. The appearance of the secular terms leads to the breakdown of the
”naive” perturbation approach. It has been historically known that the naive perturbation
methods do not works for this type of system.
To overcome such a difficulty, so-called singular perturbation methods have been
intensively developed to obtain the solution which correctly behaves in the long time
regime. There are various types of methodologies for the singular perturbation problems.
A specific formula has been developed for each own field, for example, WKB approxima-
tion in quantum mechanics, the boundary layer method in fluid mechanics, and Krylov-
Bogolioubov-Mitropolsky method for the oscillation system. Among these methods, we
utilize in this thesis the renormalization-group approach proposed by Chen, Goldenfeld
and Oono [40,41] . This method was shown to be applicable to a variety of problems in a
unified systematic way. Recently, a geometric and intuitive understanding of this method
was clarified, and the relation of this method to center manifold theory and reductive
perturbation theory is investigated [42].
A detailed explanation for this method with a simple example is given in the Ap-
pendix. Here, we only confirm the practical method to find the solution. The procedure
of this method is the following:
1. Obtain the naive perturbation solution, taking the dependence of the perturbation
solutions on the initial state into account.
2. Solve the renormalization-group equations for the naive perturbation solutions, that
is, differentiate the naive perturbation solution with respect to the initial time under
an assumption that the integral constants depend on the initial time, and the actual
time is equal to the initial time.
3. Solve the equations derived from the renormalization-group equations.













By solving these equations, we obtain the reduced equations of motion for the dynamics















































YMp (t) + .ξj(t). (3.34)
The solutions of these equation are easily obtained as the formal solutions, and now we
obtain all the solutions for every segment in the chains up to the second order in .. We
briefly confirm the intuitive meaning of these reduced equations. From the structure of the
equations, the entangled segments effectively interact with each other, which is expressed
by the first terms in Eqs. (3.33) and (3.34) through the connection of the middle sub-
strand chain whose chain length is j − i. Combining these interactions with the noise
term that appears in the last term in these equations, a set of entanglement segments can
be regarded as a dumbbell with the slow mobility. The dumbbell and other sub-chains
also interact by their chain connectivities. The higher order terms in . are expected to
contribute to more complicated interactions between the dumbbell and the sub-chains.
Up to the second order in ., those correlations are not incorporated. These situation is
depicted in Fig.3.4.
Figure 3.4: Schematic picture of the singular perturbation expansion of extended Rouse
model. The dimer formed by the entanglement segments can effectively be regarded as a
dumbbell.
From the above equations, we can calculate some physical observables by utilizing
the knowledge of the Rouse theory. We only write down the perturbation results for the
stress relaxation function G(t) and the mean square displacement of the center of mass
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g3(t). The results are as follows:































































































































In the above equations, the following variables are defined;
w =
2



















2(N − j) , ζR = 2(N − j) (3.44)
Si =
i+ j − 1
2N
, Sj = 1− i+ j − 1
2N
, (3.45)
where we note that now we set ζ0 = 1, kBT = 1 and b = 1 as the units of inverse time,
energy, and length. In addition, the above results depends on the specific positions of
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entanglement points. When we consider the ensemble of polymer chains, the entangle-
ment points are expected to locate randomly according to some probability distribution.
Therefore, we should take the configuration average
〈· · · 〉ent =
!
dΓP (Γ = {i, j})[· · · ], (3.46)
where P (Γ = {i, j}) represents the distribution function for the configuration of the
two entanglement points. This distribution function now cannot be determined within
this theory. Instead, in this study, we assume this distribution function to be a uniform
distribution without duplications.
In the following sections, we show the results obtained by the direct numerical calcu-
lation of Eqs. (3.14) and (3.19) with the boundary conditions Eq.(3.16). The numerical
integration is performed by explicit Euler scheme. We then compare these numerical
solutions with the perturbation solution. With the aid of the intuitive meaning of the dy-
namics of each mode derived in the above singular perturbation expansion, we suggest
the alternative understanding the reptation dynamics in a different manner from the tube
concept.
3.2.2 Direct numerical simulation
Figure 3.5: The stress relaxation function G(t) for various values of the entanglement
points Ne, which ranging from 0 to 20.
In this section, we show some observables which characterize the reptation dynamics
in equilibrium, and their dependence on the parameters in this model. The most charac-
teristic observable to capture the reptation dynamics is the shear stress relaxation function
G(t).
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First we demonstrate the stress relaxation function G(t) for varying number of en-
tanglement segments from 0 to 20 as shown in Fig. 3.5. The friction coefficient of the
entanglement segments is fixed at ζe = 128, and the chain length is N = 20. The cases
for Nent = 0 and 20 correspond to the standard Rouse model with the friction coefficient
ζ0 = 1 and 128, respectively. This fact is characterized by the characteristic scaling be-
havior G(t) ∼ t−1/2 in the intermediate time regime before the terminal relaxation. With
the increase in number of the entanglement segments from Nent = 0, the terminal relax-
ation time becomes longer, and therefore G(t) deviates from the t−1/2 scaling behavior of
the standard Rouse model, and the plateau-like region seems to appear in the intermediate
regime, which recalls the peculiar relaxation dynamics due to the reptation in the entan-
gled polymer melts. The increase in Nent also raises the plateau modulus. For Nent > 6,
the t−1/2 scaling region appears after the plateau region. From this observation, if we aim
to reproduce the reptation-like behavior from this model, the number of entanglement
segments should not be too much smaller compared with the chain length.
Figure 3.6: Stress relaxation function G(t) (a) and the mean square displacement of the
middle segment g1(t) and of the center of mass g3(t) for the different fiction coefficients
of the entanglement segments ζe = 1, 128, 256, 512 and 1024.
Next, we show that the ζe-dependence of the stress relaxation function G(t), the mean
square displacement of the middle segment of the chain g1(t) and that of the center of
mass g3(t) in Fig. 3.6. For the increase in ζe, the terminal relaxation time also becomes
longer, but the plateau modulus in the intermediate regime does not become larger. To
confirm the reptation dynamics in more detail, we should clarify the segmental motion of
the chain by g1(t) and g3(t). According to Doi-Edwards theory, the reptation dynamics
can also be characterized by the following scaling behaviors for g1(t) and g3(t)
.////0////1
g1,mid(t) ∼t1/2, (t < τe)
g1,mid(t) ∼t1/4, (τe < t < τR)
g1,mid(t) ∼t1/2, (τR < t < τd)







g3(t) ∼t1, (t < τe)
g3(t) ∼t1/2, (τe < t < τR)




Now we compare these scaling behaviors in Doi-Edwards theory and our model. The
comparison between these two models is shown in Fig. 3.6(b). g1(t) and g3(t) in Fig.
3.6(b) are rescaled by t1/2 for making scaling behaviors clear. The solid and dotted lines
correspond to the g1(t) and g3(t), respectively. The blue data where ζe = 1 represents the
standard Rouse model, which reproduces the characteristic scaling behaviors introduced
in chapter 2. On the other hand, when we increase ζe, the segmental motions deviate from
the Rouse behaviors, and drastically slows down in the intermediate regime. Especially,
g1(t) and g3(t) represented by the yellowgreen line reproduces the scaling behaviors pre-
dicted in Doi-Edwards theory. Based on these results, we can see that the extended Rouse
model can reproduce the reptation dynamics at least qualitatively.
Figure 3.7: The comparison of the stress relaxation modulus G(t) between the extended
Rouse model and the multi-chain slip-spring model.
We also show that the comparison of the stress relaxation function G(t) of the ex-
tended Rouse model with that of the multi-chain slip-spring model 4 in G(t), which is
shown in Fig.3.7. It is known that this model also reproduces the reptation dynamics cor-
rectly. This model has been fitted to the KG model. In Fig. 3.7, the data of the multi-chain
slip-spring model corresponds to about N = 50 and N = 250 in the KG model, which
4This multi-chain slip-spring model is explained thoroughly in the next chapter.
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corresponds to about Z = 1 and Z = 5, respectively. We can fit the results of our model
to these model smoothly.
3.2.3 Comparison wtih perturbation solutions
Figure 3.8: The stress relaxation modulus G(t) and the mean square displacement of the
center of mass g3(t) obtain by the perturbative expansion and numerical calculation. The
chain length is N = 20, and the entanglement segments are located at 5, 13.
In this section, we elucidate the origin of the reptation dynamics in the extended Rouse
model with the aid of perturbation solutions derived in the previous section. A com-
parison of the perturbation solutions with the numerically evaluated results is shown in
Fig.3.8. In these data, all chains in the ensemble have the entanglement segments at the
same location, i.e. 5-th and 13-th segments along the contour. As shown in Fig.3.8, the
perturbation solution for G(t) completely agree with those of the direct numerical simula-
tions. This agreement justifies the availability of the singular perturbation method to this
model. According to the perturbation solutions, the stress relaxation function G(t) can
be decomposed into the four components, that is, GD(t), GM(t), GL(t) and GR(t), which
correspond to the stress relaxations of the slow dumbbell, the middle sub-strand chain,
the left sub-strand chain, and the right sub-strand chain, respectively. These terms have
different contributions to the whole stress relaxation function. The relaxation time of each
mode basically depends on the chain length of each sub-chain. In this case, the middle
sub-strand relaxes first, and the right sub-strand takes the longest time to relax, because it
has the longest chain length in these sub-chains. The slow dumbbell mode, on the other
hand, keeps the constant plateau modulus in the short time regime because this dumbbell
hardly move due to its large friction coefficient. As long time passes, the dumbbell starts
to relax. As mentioned above, one of the characteristics of the stress relaxation function
of reptation dynamics is the deviations from the scaling behavior G(t) ∼ t−1/2 and the
appearance of the plateau region. In this model, this property is expressed as the superpo-
sition of the contributions from the slow dumbbell mode and the sub-strands modes. This
mode decomposition also works well for the segmental dynamics. In Fig. 3.8(b), one
can also recognize that g3,total can be decomposed into the contributions from the slow
dumbbell mode and each sub-strand mode. For g3(t), the scaling behavior g3(t) ∼ t1/4
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Figure 3.9: The configurational averaged stress relaxation function G(t) of the extended
Rouse model. GR(t) and GL(T ) completely agree because the left sub-strand chain and
the right sub-strand chain with same chain length are realized in equal weights.
between the entanglement time τe and the Rouse time τR is peculiar characteristics of the
reptation dynamics which cannot be observed in the standard Rouse model. In this model,
the center of mass of slow dumbbell mode normally diffuses, that is, its MSD is propor-
tional to time. Other sub-strands, however, cannot dynamically diffuse in the long time
because the one-end or the both ends are fixed due to the boundary conditions. When
each sub-strand chain completely relaxes, they no longer contribute to the MSD of the
center of mass, and becomes completely immobile, as one can see from the MSD of each
sub-strand in Fig. 3.8 in the long time. When all dynamics of sub-strands relax, g3(t) is
strongly suppressed and the scaling exponent also decreases in the intermediate regime.
The dumbbell mode, however, finally recovers the total MSD of its center of mass in the
long time regime. From the above consideration, we also can understand the peculiar dy-
namics of g3(t) of the extended Rouse model by the mode decomposition. We also show
the configurational-averaged results in Fig. 3.9. In this case, the entanglement points
distribute along the chain according to the uniform distribution without duplication. This
case can be also appreciated through the mode decomposition explained above. The left
strand and the right strand have the same contributions because these modes appears in
the same probability in this ensemble. We notice that the middle strand relaxes faster than
the left and right strands, because the one-end fixed Rouse chain generally takes a longer
time to relax than a Rouse chain with the both ends free or both-ends fixed boundary
conditions.
3.2.4 Discussions
In the previous section, we discussed the implication of this extended Rouse model and
possibilities. The extended Rouse model model modifies the mobility of the segment in
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a heterogeneous manner along the chain contour. This idea is implicitly utilized in the
slip-spring type scheme, but we can clarify the effectiveness of this idea in an obvious
manner. The introduction of the small mobility segment allows us to separate the time
scales of the slow dynamics represented by the reptation dynamics and the fast dynamics
expressed by the Rouse dynamics in short time scale, or the dynamics within the tube in
the context of Doi-Edwards model.
As we mentioned in chapter 1, our aim of this study is that we propose an alternative
idea for the reptation dynamics different from the tube concept, because the tube is the
spatially and temporally averaged concept, and fundamentally inapplicable to the hetero-
geneous system. To leave the tube concept, we have to recover the ensemble of chains
before the spatiotemporal-averaging. This can be possible in several ways. We realize
this idea by introducing the large mobility segments instead of the time-dependent forces
in the slip-spring scheme, because the artificial scheme for the dynamics of slip-springs




Rheological properties of block
copolymers
In this chapter, we investigate rheological properties of microphase separated entangled
block copolymer melts in SAOS flow and steady simple shear flow. The microphase
separation of diblock copolymer in equilibrium state has been intensively studied both
experimentally and theoretically. Since the entanglements are purely topological con-
straints, the effect of entanglements need not to be considered for equilibrium state. On
the other hand, from the technological point of view, the rheological properties of the
entangled diblock copolymers in the microphase separated state and the control of these
microscopic phases by external shear flow is of crucial importance. In these problems,
the effect of entanglements are expected to be strongly influential. However, only few
theoretical studies has been reported for such a system so far. In this thesis, by utilizing
the multi-chain slip-spring model, we study the rheological properties of the entangled
symmetric diblock copolymer melts.
In this chapter, we first introduce the basic knowledge about the micro-phase separa-
tion of block copolymers in equilibrium. Then we briefly review current understandings
of dynamical properties of lamellar-forming symmetric block copolymers. We also give
a detailed description of the multi-chain slip-spring scheme proposed by Langeloth and
et al. [25]. Then, simulation results under SAOS flow and steady shear flow by using this
method will be shown.
4.1 Overview
4.1.1 Microphase separation in equilibrium state
In immiscible polymer blends, phase separations take place to realize the thermodynam-
ical stable state. These phase separations occurs in a larger spatial scale compared to the
length scale of the molecules. In this case, such a structure is usually called a macrophase
separated structure. In contrast, when the immiscible polymers are connected by covalent
bondings, which are called block copolymers, the system shows a periodic self-organized
structure because of a competition between the connectivity of immiscible polymers and
the thermodynamical stability. The characteristic length of this structure is as large as the
gyration radius of polymers, which is much smaller than that of macrophase separated
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Figure 4.1: Taken from [43]. (a) Phase diagram of microphase segregation structures of
diblock copolymer predicted by self-consistent field theory. f is a volume fraction of, for
example, A-block polymer. χ is the Flory-Huggins interaction parameter, and N is the
chain length or degree of polymerization. (b) Schematic pictures of various morphologies
of the microphase separation.
structure. In this sense, this structure is known as microphase separated structure.
Now we consider the simplest polymer with the molecular structure, that is, a sym-
metric diblock copolymer as an example. In the microphase separated state, the density
profile of the segments of diblock copolymers decompose into A-segment rich domains
and B-segment rich domains due to the segregation between A segments and B segments.
However, since the A-block and the B-block are connected by a covalent bond, the junc-
tion points form interfaces between A/B domains. In addition, each domain which is
composed of these molecules forms a periodic structure like ABA · · · . The microphase
separated structure and its interface depend on the fraction f of A/B segments in one
chain. In the case where the A-subchain and the B-subchain have the same lengths in one
a single chain (f = 0.5), which is called a symmetric diblock copolymer, the curvature of
the interface is zero and the interface is flat. When length of the A-subchain and the B-
subchain are different, the interface have a non-zero curvature because of the competition
between the interfacial free energy and the conformational entropy of sub-chains under
the constraint that the density of each segment domain should be homogeneous. The more
the asymmetric in the fraction becomes, the more the curvature increases. A schematic
picture is depicted in Fig. 4.1. In the equilibrium, the microphase separations of diblock
copolymer has been intensively investigated experimentally and theoretically. While the
studies of the microphase separation of block copolymer have been enormously accumu-
lated, the rheological properties of these microphase separated states have not been well
understood and still controversial. In this thesis, we focus on such properties especially of
the lamellar phase realized by symmetric diblock copolymers. In the following sections,
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we briefly overview the current understanding of the rheological properties of lamellar
phase of diblock copolymers.
4.1.2 SAOS flow for lamellar structures
Figure 4.2: Schematic pictures of three different orientations of the lamellar structure: (a)
parallel orientation, (b) perpendicular orientation, and (c) transverse orientation.
Suppose that we impose some deformations to the lamellar structure in the symmetric
diblock copolymer melts. For entangled homopolymer melts in the bulk, there is no
particular directions because the system is homogeneous and isotropic, and then the de-
formations in any direction induce the same rheological behaviors. On the other hand,
for the lamellar structure, we can define three particular orientations relative to the direc-
tion of shear flow velocity. These three possible orientations are schematically depicted
in Fig.4.2. The orientation shown in Fig.4.2(a) is called a parallel orientation where the
the interface of lamellar plane is parallel to the direction of the flow velocity. Another
orientation is called a perpendicular orientation where the normal vector to the lamel-
lar plane is identical to the vorticity direction of the shear flow. The other orientation is
called a transverse orientation where the direction of the flow velocity has a crosswise
relation to the lamellar plane. The rheological properties of these three lamellar orienta-
tions are expected to exhibit different viscoelastic properties because the inhomogeneity
of lamellar plane relative to the velocity direction gives rise to the nontrivial dynamics
of segments and bond relaxations near lamellar interfaces. The detailed explanation of
lamellar structure is depicted in Fig.4.3.
Experimentally, the linear viscoelastic properties has been investigated intensively
[44–46]. For example, Koppi et al. experimentally observed the elastic shear modulus
G′(ω) and viscosity η(ω) of poly(ethylene-propylene)-poly(ethylethylene) block copoly-
mer melts obtained by the small amplitude oscillatory shear (SAOS) flow [47]. They
found that these three orientation shows distinctive differences especially in the low fre-
quency regime. In view of the computational simulation, Schneider and Mu¨ller [48]
recently conducted a large-scale dissipative particle dynamics simulation for the three
lamellar orientations and measured the storage and loss moduli, G′(ω), G′′(ω) respec-
tively, by obtaining the elastic modulus G(t), which can be evaluated by means of the
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Figure 4.3: The schematic picture of equilibrium state of lamellar structure. Because of
the competition between the elastic energy of polymer chain and the repulsive interaction,
the polymer chain is stretched to the normal direction of the lamellar interface, which
results in the scaling law D ∼ N2/3 for the lamellar interval D. In the plane parallel to
the lamellar interface, the polymer chains reproduce the usual distribution and the scaling
law Rg ∼ N1/2, where Rg is the radius of gyration.
stress autocorrelation function in equilibrium state, which is explained in Chapter 2. In
this study, contrary to the experimental results obtained by Koppi et al. [47], the dynam-
ical behaviors of the transverse and parallel orientations completely coincide with each
other. The different condition between the experiment [47] and the simulation [48] is
that this simulation does not include the finite deformation effect and the entanglement
effect. In this study, we extend this work in order to obtain viscoelastic properties under
small but finite amplitude oscillatory shear flow for three possible lamellar orientations of
entangled symmetric block copolymer melts.
4.1.3 Steady shear flow for lamellar structures
As mentioned above, the lamellar morphology for symmetric block copolymers has three
possible orientations, that is, parallel, perpendicular, and transverse orientations. Be-
cause the transverse orientation under steady shear is intuitively unstable since the lamel-
lar plane is perpendicular to the velocity field and can be easily deformed and broken.
Therefore, it has been naturally expected that the lamellar chooses either parallel or per-
pendicular orientation under simple shear flow as a stable state. The relative stability
between the parallel and perpendicular orientation has still been controversial issue and
unsolved. From technological point of view, this problem directly links to the control of
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Figure 4.4: (a) Phase diagram of the stability between parallel and perpndicular orien-
tations, predicted by Morozov et al. [49]. The horizontal axis represents the shear rate
D, and the vertical the order-disorder transition (ODT) temperature. For a low shear rate
D < Dcr the parallel orientation is stable below ODT line. When Dcr < D < D1, only
the perpendicular orientation is stable. The abrupt change of the parallel to the perpendic-
ular orientation originates from the suppression of the fluctuation effect. For much higher
shear rate D1 < D < D2, the stable region of parallel orientation appears again. Moro-
zov et al. showed that this stable region is related to the wall boundary effect confining
the diblock copolymer melts. (b) Energy dissipation rate as a function of shear stress. In
the inset figure, the shear stress is transformed into the corresponding shear rate through
Legendre transform. This figure indicates that the perpendicular orientation is more stable
than the parallel orientation for all shear rates in this simulation.
the long-ranged and mesoscopic ordered structure by means of the external shear flow.
Because of such a technological importance, the relative stability of the parallel and per-
pendicular orientation has been intensively investigated through the experiments, contin-
uous field theories, and the particle-based computational simulations. However, the valid
consensus has not been established so far.
From the experimental aspects, Koppi et al. [47] conducted the dynamical and steady
shear rheological measurements for poly(ethylene-propylene)-poly(ethylethylene) block
copolymer melts and reported that they obtained the parallel orientation in the low tem-
perature regime. This fact suggests that the parallel orientation is more stable.
A Field theoretic approach by using the time-dependent Ginzburg Landau equation
was firstly pioneered by Cates and Milner [50]. They discussed the stability between the
isotropic state and lamellar state under simple steady shear. Later, Fredrickson [51] ex-
tended the theory by Cates and Milner by incorporating the different viscosities for each
block in diblock copolymers, and showed a phase diagram which demonstrates that par-
allel orientation is more stable than perpendicular orientation for all shear rates at low
temperature. In addition, Morozov, Zvelindovsky and Fraajie [49] further extended the
preceding theories by considering the influence of the wall boundary and they also pre-
sented a phase diagram on the relative stability between the parallel and perpendicular
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orientations, which is shown in Fig. 4.4(a). These series of studies solve this problem in
the context of the shear-induced phase separation, and utilizes the free energy as an eval-
uation function to make the stability phase diagram. These field theoretical approaches
effectively and approximately calculated the correction of the spinodal point by the shear
flow effect. From the modern understanding of the non-equilibrium physics, however, it
does not seem to be appropriate to regard the free energy as the evaluation function in non-
equilibrium state. Instead, the entropy production or energy dissipation is the promising
quantity for discussing the relative stability between these two orientations.
As alternative approach, the particle simulation methods such as dissipative parti-
cle dynamics, have also been comprehensively performed. Fraser [52], Lisai [53], and
Liu [54] showed that the perpendicular orientation is more stable than the parallel ori-
entation in the intermediate segregation regime which corresponds to low temperature.
Recently, Schneider, Wilhelm and Mu¨ller [55] performed a large-scale dissipative parti-
cle dynamics simulation and evaluated a Rayleighian, which is shown in Fig.4.4(b), based
on the Onsager’s variational principle which is the extension of least energy dissipation
principle proposed by Rayleigh. This quantity measures the entropy production rate of
the system considered, and they showed that the perpendicular orientation is more stable
than the parallel orientation for all shear rates in their simulation.
In the theories and simulations mentioned above, the most important missing com-
ponent is the effect of the entanglements. The samples of block copolymers utilized in
these experiments are expected to be highly entangled. The theoretical approach based on
the free energy cannot incorporate the entanglement effect because the entanglements are
purely dynamical constraints. The particle-based computations conducted so far basically
simulated the unentangled polymer melts because the naive dissipative particle dynamics
simulation cannot reproduce the entanglement effect.
In contrast to the previous studies, one of few computer simulation studies taking
the entanglement effect into account for diblock copolymers was proposed by Kindt and
Briels [57]. They formulated an extremely coarse-grained model known as RaPiD [56],
where a single chain is represented by only one single particle. By introducing transient
and time-dependent forces, they successfully reproduced the linear and nonlinear rheo-
logical properties of entangled homopolymer melts. They extended their RaPiD model
to simulate diblock copolymers. In such a modeling, they expressed the A-B diblock
copolymer by the dumbbell chain composed of only two segments, and also simulated
the dynamics of these dumbbells with the transient force as entanglement constraint un-
der shear flow. According to the result shown in Fig 4.5 (a)-(c), when the entanglement
effect is incorporated, this simulation showed that the parallel orientation can be more
stable than the perpendicular orientation in view of the lower steady shear viscosity η(γ˙)
which is proportional to the energy dissipation or the entropy production,
Ψ(γ˙) ∝ η(γ˙), (4.1)
where Ψ(γ˙) represents the dissipation function. Although they claimed that their results
coincided with the experimental observations, there is some room for consideration of the
validity of this extreme coarse-grained simulation. Especially, the dumbbell model cannot
express the constraint effect of junction points of the diblock copolymer in the lamellar
interface.
Another effort to this problems have been attempted by Morii and Kawakatsu [58].
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Figure 4.5: The steady shear viscosity for unentangle and entangled block polymer melts
predicted by the RaPiD model [56] by Kindt and Briels [57]. The Black line represents
the steady shear viscosity of the parallel orientation, and the red line represents that of the
perpendicular orientation. Fig(a) corresponds to the shear viscosity of the unentangled
melts, where the perpendicular orientation is always more stable than the parallel orien-
tation. Fig(b) corresponds to that of the fully entangled melts, where the transient forces
are allowed to attach to both of A and B type of segments. In this case, the viscosity
of parallel orientation is lower than the perpendicular orientation for γ˙ < τ−1d . Fig(c)
shows the shear viscosity of the partially entangled polymer melts, where the viscosity of
parallel orientation always lower than that of the perpendicular orientation.
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They developed the previous study [59] for self-consistent-field (SCF) theory including
viscoelastic dynamics especially the reptation dynamics, to the prediction of the rheolog-
ical properties of lamellar structures. It has been well known that SCF theory is power-
ful tool for the theoretical prediction of ordered structures. However, the conventional
SCF theory predicts the chain conformation without the entanglement effect, they cannot
simulate rheological characteristics of entangled polymeric systems. To overcome the
difficulty of the conventional SCF theory, they coupled the SCF theory to the time devel-
opment of bond orientation with reptation dynamics and the conserved dynamics of the
density field. they succeeded in predicting the rheological properties of heterogeneous
systems [58]. According to this theory, they evaluated the stress relaxation function and
the damping function in homogeneous state and lamellar structures under large step defor-
mation. Since the SCF method generally needs the huge computational cost, the further
optimization for fast calculation is now desired.
As clearly noticed so far, the current understandings for the rheological properties
in linear and nonlinear rheology has been still in controversy and we need to have much
efforts to judge the validity of all the preceding studies. To tackle with these problems, we
utilize the multi-chain slip-spring model combined with the dissipative particle dynamics
in this study. In the following section, we introduce the multi-chain slip-spring models
in detail. Although the multi-chain slip-springs have been proposed in some different
manners, we utilize the scheme proposed by Langeloth et al. [25] in this thesis because
of its high computational efficiency.
4.2 Simulation method: multi-chain slip-spring model
In the last section, we briefly review the current understanding of the rheological prop-
erties of symmetric diblock copolymer melts which form lamellar structures. The ex-
periments, theories, and simulations have not achieved the complete agreement so far.
Especially, the entanglement effect, which is anticipated to be dynamically important, has
not been incorporated in the dissipative particle dynamics simulation methods. In this
thesis, we realize the dissipative particle dynamics simulation with the entanglement ef-
fect by means of the multi-chain slip-spring model, which is explained in the following
section.
4.2.1 Dissipative particle dynamics (DPD)
In this subsection, we introduce the dissipative particle dynamics (DPD) method which
was firstly proposed by Hoogerbrugge and Koleman [60]. For example, complex fluids
which have internal microscopic structures such as colloidal dispersions and polymer
melts cannot be calculated with the finite difference method for Navier-Stokes equation,
because this method cannot take the internal structures into account. On the other hand,
molecular dynamics (MD) simulation, which is based on the microscopic picture, cannot
be applied to macroscopic phenomena due to its high computational cost. To overcome
these difficulties, Frisch, Hasslacher and Pomeau [61] proposed the lattice gas automaton
(LGA) method, where virtual particles move and collide with each other on a lattice.
LGA method attracted attention because it can calculate the dynamics of fluids by only
integer calculations which can be proceeded efficiently. However, this models does not
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hold the spatial homogeneity and Galilean invariance. DPD method inherits the high
computational efficiency from LGA methods while DPD is not based on a discrete lattice
which breaks spatially translational invariance. In DPD method, we consider a DPD
particle as a set of some particles. These DPD particles interact with each other, and
also obey the Brownian dynamics. The DPD method conserves the momentum and mass
through the dissipative forces between particles which correspond to frictional forces. In
addition, Kong [62] introduced a polymeric nature by using the bead-spring model into
DPD method. DPD became applicable to large molecules like polymers. In the following,
we introduce the formulation of DPD method. The fundamental equations of DPD are the








where i is the index of particles, mi is the mass, ri is the position, vi is the velocity, and
F i is the force which acts on the i particle. In DPD method for polymer dynamics, F i
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rˆij, |rij| < rc
0 |rij| ≥ rc,
(4.5)
where rij = ri − rj , and rˆij = rij/|rij|. aij is a coefficient which controls the strength
of repulsive forces. Groot and Warren [63] proposed a way to determine aij based on
the Flory-Huggins theory [63]. According to this method, aii, the interaction between the





and aij , the interaction between the different type of particles is determined by
aij = aii + 3.27χij, (4.7)
where χij is the Flory-Huggins χ parameter. The dissipative force FDij and the random
force F Rij are given as the following forms:
FDij = −ζωD(rij)(rˆij · vij)rˆij, (4.8)
and
F Rij = σω
R(|rij|)θij(t)rˆij, (4.9)
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where θij(t) is Gaussian white noise characterized by
〈θij(t)〉 = 0, 〈θij(t)θkl(t′)〉 = (δijδjl + δilδjk)δ(t− t′). (4.10)
ωD(r) and ωR(r) are weight functions which depend on rij . The choice of these weight
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0. (rij ≥ rc)
(4.11)
ζ and σ in Eqs. (4.8) and (4.9) are mutually related through the fluctuation-dissipation
theorem
σ2 = 2γkBT. (4.12)
When simulating polymer dynamics, we add the spring forces between segments. Here





where k is the spring constant. According to these force field, the time evolution of
velocities and coordinate are updated. In DPD method, for integrating the equations of
motion, a modified version of the velocity-Verlet algorithm is utilized:




v˜i(t+∆t) =vi(t) + λ∆tvi(t) (4.15)




∆t(f i(t) + f i(t+∆t)). (4.17)
It is reported that λ = 0.65 achieves the accurate temperature control [64]. We also utilize
this value in this study.
4.2.2 Dynamics of slip-springs
The time evolutions of chain segments obey the DPD scheme mentioned in the last sub-
section. In the multi-chain slip-spring models, we need additional dynamics of slip-
springs. Various types of slip-spring models has been proposed recently [65–68], but
in this study we utilize a scheme proposed by Langeloth et al. [25] because of its lower
computational cost than other schemes. In the multi-chain slip-springs, the slip-springs
connect between the polymer segments of different chains. The schematic picture is de-
picted in Fig. 4.6.
The dynamics of slip-springs can be decomposed into two processes, that is, a mi-
gration process and a relocation process. The migration motion is depicted in Fig. 4.7
(a). The migration process mimics local reptation sliding between a test chain and the
surrounding chains. When one end of slip-spring tries to move its neighboring segments
in the shame chain, we first choose either segment as a trial segment. Next, we evaluate
the slip-spring potential energy between the current pair Ecurrent and trial pair Etrial. If
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Figure 4.6: The schematic picture of multi-chain slip-spring model for diblock copolymer
system. The
Figure 4.7: Two processes of slip-spring model. (a): Migration. (b): Relocation. Concrete
procedures in each process are described in the main text.
the energy of trial pair is lower than that of the current pair, the end of slip-spring can
slide unconditionally. If the energy of trial pair is higher, the slip-spring can slide with the
probability exp(−β∆E), where∆E = Etrial−Ecurrent, otherwise this trial is abandoned.
In the above process, each slip-spring moves independently and can overlap. In addition,
we allow both ends of a slip-spring to exist on the same chain. Such a slip-spring may
finally shrink into one chain segment. In this case, we delete the shrunken slip-spring and
create a new slip-springs in somewhere in the system. For convenience, we define one
migration process as whole process that every slip-spring segment tries to move one time.
The other process is the relocation. Suppose that one end of a slip-spring locates at the
end of a chain. Such a slip-spring may come off the chain and disappears. This process
expresses the disentanglement of the test chain from the tube in Doi-Edwards theory. In
this case, we first make a table about the end segments of chains which now locate around
this slip-spring end within rc/2 and 2rc, where rc is the cutoff length defined in the DPD
scheme. The schematic picture is depicted in Fig. 4.7(b). We choose a trial segment from
the the table with equal probability. Then, we evaluate the energies both of the trial pair
Etrial and the current pair Ecurrent. When Etrial < Ecurrent, the slip-spring unconditionally
relocates. On the other hand, if Etrial > Ecurrent, the slip-spring can relocate with the
probability that exp(−β∆E), where ∆E = Etrial − Ecurrent.
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The processes explained above are inserted in the time evolution of DPD method. We
now explain the concrete numerical procedure of the slip-spring model. First, we prepare
all DPD chains as an initial configuration. Next, we generate initial slip-springs randomly,
keeping the constraint that the distance between a pair of slip-spring segments is larger
than 0.5rc and smaller than 2rc. To equilibrate the slip-springs, we perform the nMC
migration process. After the equilibration of slip-springs, we calculate the time evolution
of the coordinates and the velocities according to DPD scheme. In DPD calculation, the
slip-spring does not move along the chains, and the system behaves as a chain network.
After we develop DPD calculation by nDPD numerical steps, we insert the operation for
the slip-spring dynamics. First, we conduct the relocation for every slip-spring segment at
the end of chain, and then we perform nMC migration processes. We repeat the series of
the DPD calculations with nDPD time steps, the relocation processes, and nMC migration
processes until the calculation finishes. We summarize the numerical procedure in the
following:
1. Preparation of the configurations of DPD chains as the initial state
2. Creation of slip-springs and nMC migration processes for equilibration of slip-
springs.
3. Enter in main loop:
(a) DPD calculation with nDPD time steps for chain segments. During this calcu-
lation, the slip-springs do not slide along the chains.
(b) Relocation process. The slip-spring segments at the end of chains may moves
to different chains.
(c) nMC migration processes.
4. Repeat the procedure 3 until the final time step is reached.
In this study, we utilize the open source program of DPD scheme in the free software
”COGNAC” in OCTA. We add the home-made code of slip-spring to the open source
program of DPD scheme1. Here we outline the common parameters utilized in this study.
Basically we adopt the same parameters used in Refs. [25, 63]. As the units of energy,
mass, and length, we adopt kBT = 1, m = 1, and rc = 1. From these units, we set the
time unit τDPD = (r2cm/kBT )
1/2 = 1. The number density of DPD particles is ρ = 3, and
the interaction coefficient between the same type of particles are aii = 25. As the spring
constant, we set k = 4 for both of the chain bond force and the slip-spring force. For the
dissipative and random forces, we set σ = 3.67 and γ = 6.75. According to Ref. [25],
it is reported that this model reproduces the reptation behaviors of homopolymers for
nMC = 500 and nDPD = 500, which are determined by the detailed verification. We
utilize that this set of parameters throughout this chapter. Other parameters are specified
in each section.
In addition to the above, we introduce two types of entanglement fashion according
to the study by Kindt and Briels [57] to simulate the diblock copolymer melts. One is the
1Our program utilized in this study is now freely available from OCTA, which can be downloaded from
http://octa.jp/.
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Figure 4.8: The schematic picture of fully entangled system. The slip-springs can attach
to every segment irrespective of their type of segments.
Figure 4.9: The schematic picture of the partially entangled system. The slip-springs are
allowed to attach only to the one type of segments (A-segment) in the diblock copolymer
chain.
fully entangled system, where the slip-springs can attach to every segment irrespective
of their type of segments. The other is the partially entangled system, where the slip-
springs are allowed to attach only to the one type of segments in the diblock copolymer
chain. We need an additional procedure for the partially entangled system. In the partially
entangled system, the slip-spring anchoring near the junction point, that is, near the midst
of chain practically cannot escape from the chain. Under the steady shear flow, such a
slip-spring are elongated infinitely, which gives the divergence of the potential energy of
the slip-spring and falls into the unphysical situation. To avoid this situation, we force
the slip-springs to disappear when slip-spring moves to the middle B-segment (yellow
segment depicted in Fig.4.9. This process corresponds to the infinitely fast migration and
relocation of the slip-spring. When we erase the slip-spring in this irregular procedure, we
create a new slip-spring in the system randomly into between A segments. The schematic
pictures are given in Fig 4.8 and Fig. 4.9. In this study, we mainly focus on the viscoelastic
behaviors of the fully entangled system. The partially entangled system is investigated
only in Section 4.3.6.
In the following sections, we first confirm the rheological properties of entangled
homopolymer melts predicted by this scheme. In addition, we confirm some possible
extensions of this numerical scheme. After that, we show various rheological properties
of the lamellar phase of symmetric diblock copolymers.
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4.3 Results and discussions
In this section, we show various rheological properties of symmetric block copolymers
in the lamellar structures predicted by the multi-chain slip-spring model introduced in
the previous section. Before investigating the dynamics of diblock copolymers, we con-
firm the reptation dynamics of homopolymer melts in equilibrium state. We also consider
some possible choices of model formulation. Next, for the diblock copolymer melts, we
firstly confirm that the entanglements do not affect the finally realized lamellar structure,
although they slow down the transient dynamics of micro-phase separation. Then, we
show the storage and loss moduli for the perpendicular, parallel and transverse orienta-
tions, which are obtained by SAOS deformations. Depending on the relation between the
shear deformation and their orientations of interface, possible three lamellar orientations
exhibit the distinctive rheological properties. At the end, we demonstrate the nonlinear
rheology of perpendicular and parallel orientations. The steady shear viscosity is expected
to determine the stability of both structures depending on the shear rate.
4.3.1 Dynamics of homopolymer melts
Figure 4.10: (a): Shear relaxation modulus G(t) for N = 10, 40, 75 with and without
sli-springs. (b) Mean square displacement of the middle segment in chain g1,mid(t).
In this section, we show the relaxation dynamics of homopolymer melts in equilib-
rium. The total number of segments in these systems are 3000, the chain length utilized
in this calculation is N = 40 and 75. The time mesh width to integrate the equations
of motion is ∆t = 0.06. Figure. 4.10 shows the stress relaxation function G(t) and
the mean square displacement of the middle segment g1,mid(t) for different chain lengths
N = 40 and 75 without and with the slip-springs. The dashed lines, which correspond
to Rouse dynamics, short time behavior G(t) ∼ t−0.5 for both chain lengths. On the
other hand, when the slip-springs are added, the terminal relaxation time becomes dras-
ticallly longer for both chain lengths, and deviates from the t−1/2 scaling. This can be
regarded as the appearance of reptation dynamics [69]. The slip-springs also change the
segmental dynamics. The mean square displacement of the middle segment without the
slip-spring shows g1,mid ∼ t1/2 in short time regime t < τR, and g1,mid ∼ t1 in long
time regime t > τR. This is a characteristic transition predicted by Rouse theory. In con-
trast, the chains with slip-springs show the g1,mid ∼ t1/4 behaviors, which manifests the
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feature due to the entanglement predicted by Doi-Edwards model. These prove that this
slip-spring model properly captures the reptation dynamics of entangled polymer melts.
Figure 4.11: Bosonic (left) and Fermionic (right) treatments in the migration process.
As additional verifications, we compare some possible schemes in this type of model.
In the original scheme proposed by Langeloth et al. [25], the slip-springs move indepen-
dently and completely without interaction energy amogn other slip-springs, which was
defined as Bosonic treatment [66]. In addition, the both ends of slip-spring can exist on
the same chain, which we call intra-chain slip-spring. On the other hand, other slip-spring
models [65–67] adopt the Fermionic treatment where the slip-springs are not allowed to
overlap with each others, and the intra-chain slip-spring are not allowed. The schematic
pictures are depicted in Figs.4.11 and 4.12. Each treatment is available, but a quantitative
difference in these treatments has been not verified.
The comparisons of shear relaxation function G(t) and mean square displacement of
the middle segment g1,mid(t) are shown in Fig. 4.13. From the observation of G(t), we
recognize that for the Fermionic case the plateau modulus becomes larger and the terminal
relaxation time becomes longer than those of the Bosonic case. This implies that the
Fermonic treatment realizes the slower relaxation. This fact can be seen in the behavior of
g1,mid(t), where the scaling exponent for Fermionic treatment in the intermediate regime is
much smaller than for Bosonic treatment. In the case of Fermionic treatment, the mobility
of the segment is strongly suppressed because the slip-springs cannot move beyond the
neighboring slip-spring ends and they have to wait for the relaxation motion of others.
Uneyama [70] suggested that the Bosonic treatment effectively introduces the constraint-
release-like additional relaxation mechanism.
On the other hand, the effect of the choice whether the intra-chain slip-springs are
allowed or not is less influential. The allowance of the intra-chain slip-springs slightly
lower the plateau modulus, and give no difference for the mean square displacement. This
implies that the intra-chain slip-springs rapidly shrink into one segment and disappear.
Figure 4.12: Intra-chain slip spring. Both ends of a slip-spring exist in the same chain.
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Figure 4.13: Fermionic and bosonic treatment
For this reason intra-chain slip-springs cannot sustain the shear stress. This causes the
decrease in the stress relaxation function.
4.3.2 Microphase separation kinetics from disordered state
Firstly, we show the effect of entanglements on the microphase separation dynamics of
unentangled and entangled polymer melts. Since the entanglements are purely topological
and dynamical constraints, the entanglements do not affect the finally realized equilibrium
state of the micro phase separations. In other words, the final structure realized in the un-
entangled and entangled melts must coincide with each other. We prepare the disordered
initial state, and we observe the dynamical process for the systems with and without the
slip-springs. Figure. 4.15 shows snapshots of transient dynamics in the microphase sep-
aration of the unentangled polymer melts. From the initial state shown in Fig 4.14 (a),
the chain segments locally segregate owing to the repulsive interactions between differ-
ent kinds of segments. As shown in Fig. 4.15 (b), they assemble with the same kind of
segment rapidly and make local domains. However, due to the connectivity of the chain,
they cannot segregate macroscopically. As time passes, from Fig 4.14(b) to 4.14(e), the
chains diffuse to find the stable lamellar structure. Finally, they arrive at the final lamellar
state which is predicted as the most stable state by SCF method. The kinetics also agrees
with preceding DPD studies [64].
Next, we conduct the same simulation with adding the slip-springs which mimic the
entanglements. The snapshots of this simulation are shown in Fig 4.15. As one can see
from Figs. 4.15, the transient kinetics of the microphase separation in the entangled poly-
mer melts qualitatively similar to those of unentangled melts. However, these processes,
especially the kinetics during the center of mass diffusion to find the stable structure,
slows down due to the entanglements. This result agrees with our intuitive understanding
of the entanglement as a slow diffusive mode of center of mass. This DPD simulation
finally reaches the lamellar structure in a similar manner in unentangled melts, which en-
sures that the slip-spring scheme is the purely dynamical constraint and the slip-springs
do not affect the finally realized equilibrium state.
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Figure 4.14: Snapshots of time developments in the micro-phase separation of unentan-
gled polymer melts in equilibrium. (a) the randomly prepared disordered state. (b)-(f)
show the transient states. The system arrives at the lamellar structure in (e). This state is
stable and is not destroyed even after a long time passes as show in (f).
Figure 4.15: Snapshots of time developments in the micro-phase separation of the entan-
gled polymer melts in equilibrium. (a) The randomly prepared disordered state. (b)-(d)
show the same transient process to the unentangled melts, although these kinetics are
slowed down due to the presence of the entanglements. This system also reaches stable
lamellar structure in (e).
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Figure 4.16: Storage modulus G′(ω) and loss modulus G′′(ω) for homopolymer, perpen-
dicular, parallel, and transverse orientation of lamellar phase.
4.3.3 SAOS flow
In this section, we show the dynamic viscoelastic properties of three individual orien-
tations, that is, the perpendicular, parallel, and transverse structures, as mentioned previ-
ously. These properties are obtained by means of the finite but small amplitude oscillatory
deformations, explained in chapter 2. As the similar study, the linear viscoelastic prop-
erties has already been investigated by Schneider and Mu¨ller [48] as mentioned above.
They computationally measured these properties for three different lamellar structures
of unentangled block copolymers by means of the stress autocorrelation function, which
does not impose the actual deformations on the system. In the present study, contrary to
study by Schneider and Mu¨ller, we actually impose a small but finite deformation. We
also perform this small oscillatory shear deformations for the three lamellar orientations
of unentangled and entangled symmetric diblock copolymers at the same time. As ex-
plained in chapter 2, by using the oscillatory deformation, we can simultaneously obtain
the storage and loss moduli, G′(ω) and G′′(ω), respectively.
The set of parameters are as follows. We prepare A12B12 block copolymer with chain
length N = 24, and the total number of chains is 900. The repulsion coefficient between
the same type of segments is aAA = aBB = 25kBT , while the repulsion coefficient be-
tween the different types is aAB = 31.13kBT . This aAB corresponds to χN = 46 for
N = 24 through Eq. (4.7). The integration of equations is performed with ∆t = 0.05.
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We add the 1800 slip-springs to realize the entangled polymer melts, which correspond
to Z = 4 according to Ref. [25]. As an oscillatory shear deformation, we choose its am-
plitude γ0 = 0.2. For imposing shear deformation, we adopt the Lees-Edwards boundary
conditions. As the initial conditions, we prepare three lamellar orientations. To make
them, we first obtain a spontaneously ordered lamellar structure from a disordered state.
This spontaneously ordered lamellar has a slightly anisotropic pressure, for example,
Pxx > Pyy = Pzz due to the interfacial contribution of the lamellar structure. To ob-
tain the true equilibrium state, we change the system size Lxx > Lyy = Lzz, and realize
Pxx = Pyy = Pzz. Then, by rotating the all coordinates, velocities, and system lengths
along each axis, we can obtain three equilibrated lamellar orientations. In the following,
the relation between the x, y and z-axes and the flow direction, the lamellar orientations
obey Fig.4.2. The following results for linear viscoelasticity focuses only on the stress
of chains and slip-spring bonds, and omit the non-bond contribution for comparison with
the result by Schneider and Mu¨ller [48].
According to the procedure mentioned in chapter 2, we obtain the storage and loss
moduli G′(ω) and G′′(ω) for the homopolymer melts and the perpendicular, parallel, and
transverse orientations. These results are shown in Fig. 4.16. The case of Z = 0 corre-
sponds to the unentangled melts while the case of Z = 4 corresponds to the entangled
polymer melts. For each case, the entangled systems have the longer terminal relaxation
time than the corresponding unentangled systems. We can recognize the plateau region in
the storage modulus and the non-monotonic decrease of the loss modulus, which are the
characteristics of the entangled system. However, we can see the distinctive viscoelastic
difference among these orientations. In the following, we discuss these differences in
detail.
Figure 4.17 shows the comparison of G′(ω) and G′′(ω) between a homopolymer melt
and a perpendicular orientation of the block copolymer. For both unentangled and en-
tangled cases, the viscoelastic properties of the homopolymer melt and the perpendicular
orientation of the diblock copolymer melt are identical. This result is consistent with
Schneider and Mu¨ller [48], although they simulated only unentangled system. For the
perpendicular orientation, the lamellar interface composed of the junction points of block
copolymers is now paralleled to xy-plane. The lamellar plane generally direct the chain
conformation to the normal direction fo the interface. Therefore, the existence of lamella
interface in xy-plane affects the chain conformation in the z-direction, and gives no effect
to the chain conformations in x and y direction, if polymer chains are assumed to be Gaus-
sian chains. In other words, for the perpendicular orientation, the chain conformations in
xy-plane are identical to those of the homopolymers.
Figure 4.18 shows the comparison of G′(ω) and G′′(ω) between perpendicular and
parallel orientations. In this case, both of G′(ω) and G′′(ω) of the parallel orientation are
larger than that of the perpendicular orientation. The difference between these behaviors
originates from the trapping of junction points in the lamellar interface. Different from
the perpendicular orientation, the parallel orientation have the lamellar interface in the xz-
plane. In this case, the chain conformation in y direction is strongly affected. Especially,
when we impose the shear deformation, the chain bond is extended due to the combination
of shear deformation and the spatial constraint of junction points at the interface. The
shear stress also becomes larger because the stress is proportional to this bond elongation.
As a result, this increased shear stress gives higher G′(ω) and G′′(ω) that the perpendicular
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Figure 4.17: The storage modulus G′(ω) and the loss modulus G′′(ω) compared between
the homopolymers and the perpendicular orientation. The viscoelastic properties of these
two modes are completely the same.
Figure 4.18: The storage modulus G′(ω) and the loss modulus G′′(ω) compared between
the parallel and the perpendicular orientations.
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Figure 4.19: The storage modulus G′(ω) and the loss modulus G′′(ω) compared between
the parallel and the transverse orientations.
system and homopolymer system.
Figure 4.20: The storage modulus G′(ω) and the loss modulus G′′(ω) calculated from the
total shear stress (blue line), the shear stress of the bond contribution (orange line) and the
shear stress of the non-bond contribution (green line). The non-bond contribution exhibits
the constant G′(ω) in the low frequency region. This behavior is expexted to originates
from the interfacial deformation.
Figure 4.19 shows the comparison between the parallel and the transverse orientation.
In this case, while G′′(ω) of both cases completely identical, G′(ω) of the transverse ori-
entation is slightly higher than that of the parallel orientation. Schneider and Mueller [48]
reported that the transverse and the parallel orientations are completely identical to each
other with respect to both of G′(ω) and G′′(ω). We expect that this discrepancy originates
from the deformation of lamellar interface under finite amplitude deformation. In the case
of the transverse orientation under shear deformation, the lamellar interface also deforms
and is elongated. The interface deformation, that is, the interfacial tension contributes to
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the stress, which originates the contribution from non-bond interactions, which depicted
in Fig. 4.20. This interfacial stress arises depending on the finite deformation, which can-
not be observed in the study of Schneider and Mu¨ller [48] because they did not impose
any deformation directly.
4.3.4 Startup behavior under shear flow
Figure 4.21: Transient shear stress behaviors. The entangled systems (Z = 4) show
the stress overshoot, which is characteristic behavior in the entangled system, while the
unentangled systems do not show.
In the following sections, we study nonlinear rheology of lamellar structures in the
unentangled and entangled block copolymers. As mentioned above, we focus only on
the parallel and the perpendicular orientation, because the transverse orientation under
continuous shear deformation is intuitively unstable since the lamellar plane is perpen-
dicular to the velocity field and can be easily deformed and broken. In this subsection,
we focus on the startup behaviors of the shear stress of the parallel and the perpendicular
orientations under simple shear deformation.
Figure 4.21 shows the time development of the shear stress for the unentangled and
entangled block copolymers for the parallel and perpendicular lamellar orientations. The
unentangled polymer shows no overshoot and simultaneously reaches their steady states,
which coincide with the prediction by Rouse model. On the other hand, we observe
the stress overshoot that is also observed in the entangled homopolymer melts. In our
simulation, the stress overshoot occurs when γ˙ > 0.001, which correspond to the reptation
time. In addition, the maximum of the overshoot of the parallel orientation is always larger
than that of the perpendicular orientation. In general, the stress overshoot originates from
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the elastic deformation of the matrix in the short time regime and subsequent relaxation
through the reptation. The maximum of the stress overshoot for the parallel orientation
is always larger than that of the perpendicular orientation, which reflects the constraint
effect of junction points of polymer chains of the parallel orientation.
4.3.5 Steady shear flow: unentangled and fully entangled system
In this subsection, we mainly investigate the steady shear viscosities of the parallel and
perpendicular orientation, which directly relate to the relative stability of these two orien-
tations as mentioned in Section 4.1.3. To analyze the stability of these two orientations,
we firstly check the critical shear rate in the parallel-perpendicular morphological tran-
sition of unentangled system under simple shear flow. We prepare the parallel structure
as the initial state, and impose the simple shear flow. In the same way as the oscillatory
deformation in the last section, we adopt the Lees-Edwards boundary conditions. We
simulated such a system for a certain time interval, which is much longer than the Rouse
time. This allows a sufficient diffusive motion of the center of mass of chains. When
the simulation finishes, we observe the realized state at the last time-step. We performed
these simulations for various shear rate γ˙ from 0.015 to 0.06. The transient snapshots in
parallel-perpendicular transition are shown in Fig. 4.22.
Figure 4.22: Snapshots for unentangled polymer melts
According to these results, we determine the critical shear rate at about γ˙ = 0.03.
For γ˙ < 0.03, the parallel structure remains. For γ˙ > 0.03, the perpendicular structure,
and diagonally oriented parallel and perpendicular structures appear. By increasing the
shear rate, the tendency of appearance of the perpendicular structure increases, although
the diagonal lamellar structures also appear in comparably higher shear rate. The realized
structures depending on the shear rate are depicted in Fig. 4.23.
From this observation, we evaluate the steady shear viscosity η and the first normal
difference N1 under a steady shear, which is shown in Fig. 4.24, for various values of the
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Figure 4.23: The realized structures in unentangled lamellar system under simple steady
shear flow
Figure 4.24: The steady shear viscosity η (left) and the first normal difference N1 (right)
for the case Z = 0, 2 and 4.
shear rate ranging from γ˙ = 0.0004 to γ˙ = 0.06. For an unentangled system with Z = 0,
the steady shear viscosity is constant, since the dynamics of unentangled polymer is de-
scribed by the Rouse model, which does not exhibit no shear thinning, where a viscosity
decreases depending on the increase in shear rate. The chains in the unentangled system
behaves like the Rouse chain even though the system realizes the phase separated struc-
tures. For the γ˙ = 0.04 and 0.06, we can see that the steady shear viscosity drastically
decreases. This is because the parallel-perpendicular morphological transition occurs for
these shear rates. The viscosities for these shear rates are slightly larger than those of the
perpendicular structure because they realize the diagonally oriented perpendicular struc-
ture which depicted in Fig. 4.23. Although the steady shear viscosities for both orientation
are constant, the shear viscosity of the perpendicular orientation is always smaller than
that of parallel orientation for all shear rate in this simulation. This fact indicates that the
entropy production and energy dissipation of the perpendicular orientation is smaller than
that of parallel orientation, and also represents that the perpendicular structure is more
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Figure 4.25: Local shear stress of each bond vector in a diblock chain. In the parallel
orientation, the bonds near the lamellar interface have large stress contribution due to the
constraint of the junction points.
stable than the parallel structure in view of the minimum entropy production principle.
This observation agrees with the preceding studies. For entangled system with Z = 4,
on the other hand, the both orientations clearly display the shear thinning behaviors for
γ˙τd > 1, which has been observed in the entangled homopolymer system theoretically
and experimentally. Nevertheless, the viscosity of the perpendicular orientation is smaller
than the that of the parallel orientation. This fact also suggest that the perpendicular ori-
entation is more stable than the parallel orientation under a steady shear even though the
block copolymers are entangled.
The reason why the parallel deformation always produces the larger steady shear stress
or the steady shear viscosity originates from the local shear stress near the lamellar inter-





n ≡ (Rxn+1 −Rxn)(Ryn+1 −Ryn), (4.18)
where un represents n-th bond vector. In this simulation we use the chain with N = 24,
and the junction bond corresponds to n = 11. Fig. 4.25 shows the local contribution of
each bond along the chain. The sum of each bond contribution over the bond index is
proportional to the shear stress from bond contribution. From Fig. 4.25, we find that the
bonds near the lamellar interface in the parallel orientation product very large shear stress
due to their constraints, while the local shear stress in the perpendicular orientation has
homogeneous shear stress along the chain.
In addition, we evaluate the first normal stress difference N1 for both orientations un-
der steady shear flow, which also shown in Fig.4.24. For high rates, N1 for entangled sys-
tems converge to the same value, while for unentangle system N1 for the parallel structure
always keeps larger than that of the perpendicular structure before the shear rate where the
morphological transition occurs. From this result, we expect that the slip-springs strongly
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affect the behavior of N1 for comparably high shear rates. In the low shear rate regime,
the parallel orientation retains larger N1 due to the stretched conformations in xy-plane.
4.3.6 Steady shear flow: partially entangled system
Figure 4.26: The steady shear viscosity of the partially entangled system with Z = 2 (left)
and Z = 4 (right). In the case of Z = 2, the perpendicular orientation is always lower
than that of the parallel orientation. In the case of Z = 4, the crossover of the viscosity
from the parallel orientation to the perpendicular orientation occurs at γ˙ ∼ 0.06.
In the above sections, we focus on the fully entangled system, where the slip-springs
are allowed to attach to any segments irrespective of their chemical species. Contrary to
the fully entangled system, we can allow the slip-springs to attach only to a specific type
of segments in the block copolymers, which we define the partially entangled system as
introduced in Section 4.2.2. In this section, we also investigate the shear rate dependence
of steady shear viscosity of this partially entangled system. Fig. 4.26 shows that the shear
rate dependence of the steady shear viscosity of the partial entangled systems of Z = 2
and Z = 4. For the case of Z = 2, the viscosity of the perpendicular orientation is
always smaller than that of the parallel orientation. This trend is the same as the fully
entangled system, where the perpendicular orientation is always more stable than the
parallel orientation. For the case of Z = 4, on the other hand, the steady shear viscosity
of the parallel and perpendicular orientation has the intersection at γ˙ ∼ 0.06. Concretely,
the viscosity of the parallel orientation is lower than that of the perpendicular orientation
in the low shear rate regime, while the viscosity of the perpendicular orientation is lower
that that of the parallel orientation in the higher shear rate regime. This crossover of the
steady shear viscosity indicates that the stability under steady shear flow of the lamellar
structure changes from the parallel orientation to the perpendicular orientation depending
on the imposed shear rate. In the following, we consider the origin of change of the
stability.
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Figure 4.27: The schematic picture of the shear deformation of the parallel orientation
of the partially entangled system. The B (yellow)-domain has low viscosity since there
is no slip-spring in this domain, while the A (blue)-domain has high viscosity due to the
existence of the slip-springs.
Figure 4.28: The xy−component of the orientation tensor. The orange dashed line repre-
sents the contributions to the shear stress of each bond in the partially entangled diblock
copolymers, and the blue solid line represents that of the fully entangled system.
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In the case of the parallel orientation of the partially entangled system, the two do-
mains has the distinctive difference in the viscosity owing to the slip-springs. The B-
segment domain which has no slip-spring behaves as the low viscous liquids. On the
other hand, the A-segment domain behaves as highly entangled polymer melts due to the
existence of slip-springs. When we consider the shear deformation of the parallel orien-
tation, which is depicted in Fig. 4.27, the low viscous domain can slip and deform easily
and largely compared to the high viscous region, because the high viscous domain shows
the temporary elastic behavior and is more solid than the lower viscous region. The asym-
metric viscoelastic property brings this orientation the remarkable difference in the extent
of the deformation of each region, that is, the low viscous region deform much larger than
the high viscous region. Therefore, the viscoelastic property of the whole system in the
parallel deformation is dominated by the low viscous region, and the steady shear viscos-
ity of the parallel orientation exhibits the Newtonian characteristics, where the viscosity
keeps constant independent of the shear rate. We note that in very high shear regime
γ˙ > 0.1, the viscosity of the parallel orientation also shows the shear thinning behavior,
which seems to contradict to the above consideration. This behavior the originates from
the characteristic relaxation time of the low viscous region. From the SAOS deformation
for the parallel orientation as shown in Fig.4.16, we find that the Rouse time of the unen-
tangled melts of the parallel orientation corresponds to this shear rate. This means that the
low viscous region cannot relax its large deformation for the very high shear rate, which
induces the large deformation of high viscous region. This results in the shear thinning
behaviors of the parallel orientation in the high shear rate regime. We also confirm that
the contribution of each bond of diblock copolymers to the shear stress, which is shown
in Fig.4.28. The bond contribution of the partial entangled system is entirely smaller than
the fully entangled system for the same shear rate. It also has nearly symmetric with
respect to the junction point although the slip-springs distributes heterogeneously.
In the case of the perpendicular orientation of the partially entangled system, this sys-
tem has also the difference in the viscosity of each domain. However, contrary to the
parallel orientation, the high viscous domain is forced to deform largely and the low vis-
cous domain cannot adsorb the deformation of the high viscous domain, which is depicted
to Fig. 4.29, contrary to the parallel deformation. This effect obviously appears in the lo-
cal bond contribution in the perpendicular deformation as shown in Fig. 4.30. In Fig.
4.30, The bond contribution from the high viscous entangled domain, which corresponds
to the index from 0 to 11, have much larger than the low viscous unentangled domain. In
this case, the viscoelastic behaviors of the whole system is dominated by the high viscous
entangled domain, since the entangled domain generates much larger shear stress than the
unentangled domain for the same shear rate. Because of the dominant contribution of the
entangled high viscous domain to the shear stress, the steady shear viscosity of the per-
pendicular orientation shows the shear thinning behavior as the characteristic properties
of the entangled polymeric melts.
In the above considerations, we can clarify the origin of the crossover of the steady
shear viscosity. In the low shear rate regime, the parallel orientation generates the low
shear stress and shows the Newtonian viscosity because of the asymmetric deformations
of the entangled and unentangled domains. In the high shear rate regime, on the other
hand, the perpendicular orientation shows the shear thinning behaviors, which results in
the decrease of the viscosity. The combination of these trends of each orientation gives
70
Figure 4.29: The schematic picture of the shear deformation of the perpendicular orien-
tation. Contrary to the parallel orientation, each domain is forced to deform in a same
manner. This deformation does not allow the asymmetric deformation as the parallel
orientation.
Figure 4.30: The xy−component of the orientation tensor in the perpendicular deforma-
tion of the partially entangled system. We clearly find that the entangled domain has the
larger contribution of the shear stress than the unentangled domain.
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In this thesis, we studied the rheological properties of entangled polymer melts, where the
entanglements as dynamical and topological constraints drastically affect their relaxation
dynamics. A classical understanding of the entanglement effect has been successfully
established through the tube concept, which was proposed by de Gennes and theoreti-
cally developed by Doi and Edwards. The concept of the tube is, however, fundamentally
difficult to be applied for heterogeneous systems due to its spatially and temporally av-
eraged mean-field characteristics. To overcome this difficulty, intensive data have been
accumulated from theoretical, experimental, and molecular dynamical simulation points
of view, which are introduced in Chapters 1 and 2. Especially, as a promising candidate
for the development of the reptation dynamics to heterogeneous systems, we focus on the
slip-spring models recently proposed and developed intensively. Our aims in this thesis
are to present a simplified understanding of entanglements and reptation dynamics based
on the idea in the slip-spring model. We also attempt a practical application of the multi-
chain slip-spring model to investigate the rheological properties of micro-phase separated
structures of block copolymers as a representative case of heterogeneous systems.
In chapter 3, we proposed a simplified and alternatively possible expression of the
entanglement effect without the concept of the tube. Based on the single-chain slip-spring
model proposed by Likhtman, we add some segments with slow mobility to the standard
Rouse model. This modification totally changes chain dynamics in a similar manner
to the slip-spring model, but our model allows us to perform perturbation calculations
while the original slip-spring model can be treated only numerically. With the aid of a
renormalization-group singular perturbation approach, we derived the reduced equations
of motion whose meanings are intuitively understandable. This model also reproduces
the main characteristics of the reptation dynamics predicted by Doi-Edwards theory and
molecular dynamics simulations. This model decomposes the dynamical mode into a slow
chain mode and sub-Rouse chain modes, and clarifies that a superposition of contributions
from each mode can reproduce the reptation characteristics. The introduction of locally
different mobilities does not need spatial and temporal averaging like tube concept in
Doi-Edwards theory which limits its applicability.
In chapter 4, we applied the multi-chain slip-spring model proposed by Langeloth,
Masubuchi and Mu¨ller-Plathe to predict the rheological properties of the micro-phase
separated lamellar structure of the entangled symmetric diblock copolymer melts. The
dynamical simulations for entangled diblock copolymers have not been performed be-
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cause of its computational cost. The highly coarse-grained character of the slip-spring
scheme allows us to simulate such a system easily. In addition, because Langeloth, Ma-
subuchi,Bo¨hm and Mu¨ller-Plathe combined the slip-spring scheme with the dissipative
particle dynamics that has been intensively applied to study of the unentangled diblock
copolymer and its kinetics in the micro-phase separation, we can naturally extend them to
the system with entanglements. We conduct two types of simulation, that is, a small am-
plitude oscillatory shear (SAOS) deformation, and a steady shear simulations, from which
we obtain the linear and nonlinear rheological properties, respectively. In the SAOS flow,
we obtain the storage and loss moduli for three possible lamellar orientations, perpendicu-
lar, parallel, and transverse orientations. Depending on the relation between the direction
of shear flow and the lamellar plane, we find that they have different properties for the
three lamellar orientations. We also confirm that these characteristics also clearly appear
in the lamellar structures with the entanglements.
For the steady shear flow, we measure the steady shear viscosities, the first normal
stress difference in a steady state, the stress overshoots in the entangled systems. Espe-
cially, we introduce a fully entangled system where the slip-springs can be attached to any
segment irrespective of their type of segments, and a partially entangled system where the
slip-springs are allowed to attach only to one type of segments in the diblock polymer
chain. We find that in the fully entangled system, the steady state viscosity of the perpen-
dicular lamellar orientation is always smaller than that of the parallel lamellar orientation,
which indicates that the perpendicular orientation is more stable than the parallel orienta-
tion for all shear rates which we simulated. On the other hand, in the partially entangled
system, we find that the steady shear viscosity of the parallel orientation is lower than
that of the perpendicular orientation in the low shear rate region, while the viscosity of
perpendicular orientation is lower than that of the parallel orientation at the high shear
rate region. Based on the non-equilibrium statistical mechanical point of view, the steady
shear viscosity is proportional to the energy dissipation rate, which should be minimized
for the most stable steady state. This guiding principle is known as the minimum en-
ergy dissipation principle. From our result, we clarify that the asymmetric viscoelastic
properties of a diblock copolymer have strong relation to the relative stability of the pos-






Figure A.1: schematic picture of renormalization-group
In this Appendix, we review the singular perturbation theory to obtain the solution for
the equations which have the secular term. Suppose that we have some differential equa-
tions to solve. If we know that some parameter in the differential equations considered
are small, and we already know the solution when that small parameter goes to zero, it is
natural to expect that the perturbative expansion is available for constructing the approx-
imate solution for these equations. This direction, however, sometimes does not go well.
For example, we consider the simple differential equation
x˙ = −.x, (A.1)
where we assume that .≪ 1. Obviously the exact solution of this equation is
x(t) = A0e
−$t, (A.2)
where the A0 is some constant. Now we try to solve this problem by the perturbation
method. Concretely, we assume the solution
x(t) = x0 + .x1(t), (A.3)
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and construct the perturbative solution. Up to the λ1, we have
x(t) = C(1− λt) +O(λ2) (A.4)
Obviously, this perturbative solution diverges when the long time goes. Like that, the
naive perturbative expansion for the solution does not go well for long time behavior.
This failure of the perturbation approach often originates from the coexistence of the
different time scales in the same system. The singular perturbation problem appears in
many situations where the some time scale and spatial scale coexist in the same system.
Firstly, we confirm that naive perturbative theory cannot be applicable to the some type
of equations, which produce the secular terms. There are some methods to overcome this
difficulty. In this thesis, we will utilize the renormalization-group approach to obtain good
solution for long-time behavior. As a simple application, we consider the weakly damped
oscillator,
x¨+ .x˙+ x = 0. (A.5)
We can easily obtain the exact solution of this differential equation,













When . ≪ 1, it is natural to conduct the perturbative expansion and the perturbative
result should largely coincide with the exact solution. We assume the perturbative solution
x(t) = x0(t) + .x1(t) + .
2x2(t) +O(.3), and obtain
x(t) = A sin(t+ θ)− .A
2
t sin(t+ θ) +
.2A
8
[t2 sin(t+ θ)− t cos(t+ θ)] (A.7)
This perturbative solution also diverges to infinity as the long time goes due to the secular
terms such as t sin(t+ θ), t2 sin(t+ θ), t cos(t+ θ). According to the exact solution, x(t)
should be damped owing to its friction term, and converges to zero as long time goes no
matter how . is small. This problem is a typical example of the singular perturbation prob-
lem. To overcome this problem, what we should consider is how to avoid the appearance
of the secular terms and how to sum up the perturbative series. This problem is essen-
tially the same to the problem of the reductive perturbation and dynamical reduction. For
these type of problem, Oono and Goldenfeld [40] developed useful and widely applica-
ble method based on the idea of renormalization-group. Before explaining the essential
and intuitive aspect of this method, we introduce the systematic methodology concretely.
First, we begin by constructing the naive perturbative solution with specified initial time
τ . For this example, this solution can be expressed as
xnaive(t, τ ;A, θ) =A sin(t+ θ) +
.
2




[(t− τ)2 sin(t+ θ)− (t− τ) cos(t+ θ)] +O(.3) (A.8)
Next, we assume that the integral constants depend on the initial time τ . Moreover, we
impose to the naive perturbation solution a ”renormalization-group equation”, that is,






where we note that we also the condition that the actual time t coincide with the initial
time τ . From the independency of the functions, we obtain the equation of motion which












In this case, these differential equations are easily solvable,









By substituting these results in the solution, we finally obtain















This final solution behaves well, which has no divergence as the long time goes, and con-
verge to the zero as the exact solutions do so. In this case, the renormalization-group
approach to the singular perturbation problem works well. In fact, Oono and Golden-
feld [41] confirmed that this method works well for various examples which has been
solved by other methods, and this methodcan be applicable to almost all singular pertur-
bation solution. The success of this method seems to be mysterious and unclear at the
earlier time. Finally, Kunihiro clarified the geometrical meaning of this method. The key
idea that the finally obtained solution corresponds to the envelop tangential to all naive
perturbative solutions. The schematic picture of this idea is shown in Fig.A.1. Blue curves
are the naive perturbation solutions and the red curve represents the finally obtained so-
lution which behaves well even for the long time. What we note firstly is that the naive
perturbation solution behaves well in a short time scale where .t ∼ 1. In other words, the
naive perturbation solutions are good solution for a short time scale. In addition, we can
freely choose the initial time of the solution. By combining both facts, we can construct
the good solution over all times from the naive perturbation solution. First we have the
naive solution with the initial time τ1. The naive solution with τ1 behaves well during the
time where .τ1 ∼ 1. When times goes, the naive solution with τ1 will deviate from the
curve expected to be good. However, we can utilize another naive solution with τ2, which
behaves well in this time regime. This continuous procedure geometrically corresponds
to making the envelop for the family of naive perturbation solutions parametrized by the
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